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Collective Excitations in Supercritical
Fluids
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Abstract Recent progress in theoretical and simulation studies of collective
excitations in supercritical fluids is reviewed. We discuss a methodology of ﬁt-free
estimation of dispersion of longitudinal and transverse excitations in simple fluids.
The issue of vanishing positive sound dispersion—a viscoelastic increase of the
speed of sound from adiabatic one to its high-frequency (elastic) value—with
reduction of density, as it was observed in inelastic X-ray scattering experiments on
supercritical Ar, is discussed from the point of view of ﬁnding distinctions in
collective dynamics of low—and high-density supercritical fluids. On the basis of
several theoretical models within the extended hydrodynamic description of
density-density correlations in liquids analytical expressions for positive sound
dispersion are obtained and applied for analysis of time correlation functions
obtained from molecular dynamics simulations. A location of a crossover from the
liquid-like to gas-like types of collective dynamics is discussed based on general
ﬁndings for spectra of collective excitations in supercritical Ar and soft sphere
fluids.
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Introduction

Collective excitations in disordered systems being one of the most sophisticated and
fascinating problems of modern condensed matter physics attracted focus of many
theoretical, experimental and simulation groups. An interplay of different spatial
and temporal scales makes the probes of collective excitations in liquids and glasses
by scattering experiments and computer simulations very important for unveiling
details of their dispersion at different thermodynamic conditions. In particular, the
change in collective dynamics of fluids above the liquid-gas critical point can reveal
fundamental dissimilarities in collective behaviour of matter in different states—
from a liquid-like type of dynamics for dense fluids to a gas-like one for rariﬁed
fluids.
In his Nobel lecture Johannes van der Waals told that “I conceived the idea that
there is no essential difference between the gaseous and the liquid state of matter”
[1]. Until recently the supercritical fluids have been considered as a unique state
with intermediate properties of the liquid and gas phases. There exists a traditional
point of view on liquid and gas as phases of the same symmetry, that implies these
phases cannot be distinguished above the critical point where they do not coexist.
Structural studies of supercritical fluids completely support this point of view.
However, there are examples, like the liquid-glass transition when the structure of
both liquid and glass phases is of the same symmetry while the dynamic properties
and in particular the behaviour of density-density time-dependent correlations
reveal fundamental difference connected with the non-ergodicity of the glass state
[2]. According to [2] below the glass transition temperature the density-density time
correlation functions have non-vanishing with time tail, which is a measure of
the non-ergodicity of the system. This effect corresponds to the dynamical arrest of
particles in contrast to the liquid state for which the density-density correlations
decay with time to zero. This example of the dissimilarity of collective dynamics
for liquids and glasses reflects a sensitivity of dynamic quantities to the states of
matter and implies a possibility to ﬁnd some dynamic dissimilarities in the collective dynamics of liquids and gases.
Recent inelastic X-ray scattering (IXS) experiments performed for supercritical
Oxygen [3] and Argon [4, 5] and experimentally obtained dispersions of collective
excitations in these supercritical fluids revealed a strong reduction of a typical for
dense fluids viscoelastic effect known as positive sound dispersion (PSD) with the
decrease of density of the fluids. The viscoelasticity of liquids [6] is manifested in
their collective dynamics mainly via several effects: (i) existence of a deviation
from the linear hydrodynamic dispersion law for acoustic excitations towards
higher frequencies-PSD, (ii) emergence of the short-wavelength shear waves
(SW) and (iii) a crossover between thermal and structural relaxations as the main
contributions to the relaxing behaviour of density-density correlations in long- and
short-wavelength regions. It is known that liquids do not sustain macroscopic shear
and therefore macroscopic transverse sound waves cannot propagate in liquids [7],
however on molecular length scales the microscopic elasticity of fluids can cause
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emergence of the short-wavelength transverse collective excitations-SW, which
however are quite overdamped. The dynamic features of fluids due to their
viscoelasticity-PSD and SW-can be the candidates to ﬁnd dissimilarities in
liquid-like and gas-like types of dynamics in supercritical region.
On the theoretical side the description of collective excitations in fluids must
account for different space and time scales in dynamics of the studied systems. On
macroscopic scales the analytical results must recover hydrodynamic expressions
[8–12] for collective modes. The hydrodynamic theory [7, 13, 14] being a collection of fundamental local conservation laws treats the fluid as continuum without
any atomistic structure. Therefore any extension of hydrodynamic theory must
account for dynamic processes occuring on molecular space and time scales.
Namely the generalized hydrodynamic models [7, 14] should be applied for correct
understanding the origin of the viscoelastic effects. It is important to stress that the
theoretical description of collective dynamics in fluids will be performed for the
weakly nonequilibrium states of fluids and all the fluctuations are quite small that
allows to neglect non-linear hydrodynamic fluctuations.
The paper is organized as follows: in the next section we will discuss the
extended models of collective dynamics of liquids which enable calculations of
dispersion of collective excitations and description of the viscoelastic effects such
as positive sound dispersion and shear waves. The third section gives information
on the computer simulations for supercritical Ar and application of the developed
theoretical schemes to analysis of time correlation functions obtained in molecular
dynamics simulations. A crossover in collective dynamics of supercritical fluids is
discussed in the fourth section, and the last section contains conclusions of this
study.

4.2
4.2.1

Theoretical Models of Collective Dynamics in Fluids
Hydrodynamic Approach

Perhaps historically ﬁrst analytical treatment of collective modes in liquids was
performed by Landau and Placzek [15] who published (without any details—just
mentioning that the hydrodynamic equations were used) a very short communication on their famous Landau-Placzek ratio for the integral intensities of the
scattered light in liquids that reads
IR
¼ c  1:
2IB
Here c ¼ CP =CV is the ratio of speciﬁc heats at constant pressure and volume, IR
and IB are the integral intensities of the Rayleigh and Brillouin peaks of dynamic
structure factor Sðk; xÞ with k and x being wave number and frequency, respectively. The Landau-Placzek ratio is applicable only for essentially small wave
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numbers. The dynamic structure factor as a function of wave number and frequency
contains all the information about the spectral distribution of the scattered light by
fluid, and for essentially small wave numbers the Sðk; xÞ, as it was observed in the
light-scattering experiments, has a three-peak shape. The Rayleigh peak centered at
zero frequency is due to thermal relaxation while two side (Brillouin) peaks of
Sðk; xÞ at frequencies
xB ðkÞ ¼ cs k;

ð4:1Þ

are coming from acoustic collective excitations that propagate with the adiabatic
speed of sound
cs ¼ ½

c 1=2
 ;
qjT

where q is mass density and jT is isothermal compressibility. The Landau-Placzek
ratio is a measure of the visibility of the Brillouin peaks in Sðk; xÞ for small wave
numbers. Since the dynamic structure factor is connected with the density-density
time correlation function Fnn ðk; tÞ ¼ hnðk; tÞn ðk; t ¼ 0Þi via time-Fourier
transformation
Z1
Sðk; xÞ ¼

Fnn ðk; tÞeixt dt

ð4:2Þ

0

the main focus in theoretical studies is on obtaining analytical expressions for the
density-density time correlation functions. In the deﬁnition of Fnn ðk; tÞ the nðk; tÞ
denotes the spatial-Fourier component of fluctuations of number density.
Active theoretical studies of hydrodynamic collective modes and their contributions to the density-density time correlation functions for simple and binary fluids
have been performed during the period 1960–1970s [8–12]. The hydrodynamic
approach for collective excitations in simple one-component fluids consists in
solving a system of three equations—continuity equation, longitudinal part of
Navier-Stokes equation and balance equation for energy—in terms of dynamic
eigenmode. These three equations represent balance equations for three conserved
quantities: total number of particles, longitudinal component of total momentum
and total energy. Within the linearized hydrodynamics the transverse component of
total momentum is decoupled from the other equations—hence, transverse collective modes in the long-wavelength can be treated separately. For transverse
dynamics there exists only one balance equation for conserved quantity, which is
the transverse component of total momentum.
According to [9] three balance equations for the longitudinal dynamics in
hydrodynamic treatment can be represented in the Laplace-transformed matrix form
as follows
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~
~ zÞ ¼ Fðk; t ¼ 0Þ;
½zI þ Mðk;
z ¼ 0ÞFðk;

ð4:3Þ

where the 3  3 matrices of time correlation functions Fðk; tÞ, its Laplace transform
~ zÞ and others are deﬁned on the set of three dynamic variables
Fðk;


AðhydÞ ðk; tÞ ¼ nðk; tÞ; J L ðk; tÞ; eðk; tÞ ;

ð4:4Þ

where J L ðk; tÞ and eðk; tÞ correspond to spatial Fourier components of longitudinal
component of density of total momentum and energy density, respectively.
The structure of the matrix equation (4.3) exactly corresponds to the
Laplace-transformed form of the generalized Langevin equation [7, 14] with the
~
Mðk;
zÞ being the matrix of Laplace-transformed memory functions [16].
Among the eigenmodes of the hydrodynamic model (4.3), (4.4) there are:
a single pure real eigenvalue
d1 ðkÞ ¼ DT k2 ;

Re½z1 ðkÞ ¼ d1 ðkÞ;

where DT is thermal diffusivity, and a pair of complex-conjugated eigenvalues
z ðkÞ ¼ Ck 2  ics k;
where the imaginary part corresponds to the hydrodynamic dispersion law
xðkÞ ¼ cs k
and real part describes damping of collective excitations with the damping
coefﬁcient
1
C ¼ ½DL þ ðc  1ÞDT ;
2
which depends on thermal diffusivity DT and longitudinal kinematic viscosity DL .
The eigenvectors associated with the eigenvalues result in amplitudes of mode
contributions to the density-density time correlation functions
Fnn ðk; tÞ ¼ Ann eDT k t þ ½Bnn cos cs kt þ Dnn ðkÞ sin cs kteCk t ;
2

2

ð4:5Þ

L
where Ann ðk ! 0Þ ¼ 1  c1 , Bnn ðk ! 0Þ ¼ c1 and Dnn ðkÞ ¼ 3CD
ccs k:
An important insight for the propagation of macroscopic sound in fluids can be
obtained from application of a perturbation approach [17, 18] for cross-correlations
in the hydrodynamic model. In particular, if the cross-correlations between thermal
and viscous processes are small, i.e. for small ratio of speciﬁc heats c, it is easily to
show that the macroscopic sound propagation in fluids is caused by coupled fluctuations of nðk; tÞ and J L ðk; tÞ while the cross-correlation with thermal processes
renormalizes its propagation speed from the isothermal cT to the adiabatic cs value.

82

4.2.2

T. Bryk et al.

Extended Hydrodynamic Approach

In order to account for the short-time dynamic processes on molecular spatial and
temporal scales in addition to hydrodynamic ones (which correspond to very small
wave numbers and are quite slow) one has to apply generalized hydrodynamics for
analysis of time-dependent correlations. A straightforward way is to introduce in
addition to the hydrodynamic set of three variables some new ones
(non-hydrodynamic variables of fluctuations of non-conserved quantities) which
would describe more short-time processes. Suppose that the non-hydrodynamic
variables are chosen to be “orthogonal” to the hydrodynamic ones in the sense of
statistically independent correlation of corresponding fluctuations, i.e. their
cross-correlators are zero
\Ahyd ðkÞAnonhyd ðkÞ [  0;
that allows them to describe dynamic processes in liquids beyond the hydrodynamic regime [7, 14]. Henceforth we will denote by angle brackets an average over
the equilibrium canonic ensemble. The most obvious choice for the
non-hydrodynamic variables is to sample the ﬁrst time derivatives of the hydrodynamic ones, because [7]
\AðkÞ

@
_
AðkÞ [ ¼ \AðkÞAðkÞ
[  0:
@t

In [19, 20] it was proposed to generate an extended set of Nv dynamic variables
by taking the ﬁrst and next time derivatives of the hydrodynamic variables, generate
the Nv  Nv generalized hydrodynamic matrix, ﬁnd its Nv eigenvalues and associated eigenvectors and construct from them the theoretical density-density time
correlation function, which can be compared either with the simulation-derived
Fnn ðk; tÞ, or via the time-Fourier transform compared with the experimental
dynamic structure factor Sðk; xÞ. Such an approach is known in the literature as the
approach of generalized collective modes (GCM). While the approach of
deSchepper and Cohen [19] makes use of ﬁtting parameters connected with
unknown wavenumber-dependent transport coefﬁcients, the methodology proposed
by Mryglod, Omelyan and Tokarchuk [20] allows to have the unknown for the
theory wavenumber dependences of different correlation times sij ðkÞ via their direct
estimation in molecular dynamics (MD) simulations. Extensive studies of generalized collective modes [21, 22] showed a convergence of the GCM eigenvalues
with systematic extension of the set of dynamic variables up to the third time
derivatives of the hydrodynamic ones. The GCM methodology is very close to the
generalized hydrodynamic theory by Kivelson and Keyes [23, 24] developed for
molecular fluids. The microscopic theory of extended collective modes enables
correct description of the hydrodynamic modes as well as of the well-deﬁned
short-wavelength collective excitations for large wave numbers [25, 26].
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In general within the GCM approach the extended set of Nv dynamic variables is
used for estimation of the matrix elements of the generalized hydrodynamic matrix
TðkÞ obtained from the matrix of time correlation functions Fðk; tÞ and its Laplace
~ zÞ taken in Markovian approximation ðz ¼ 0Þ
transform Fðk;
~ 1 ðk; z ¼ 0Þ:
TðkÞ ¼ Fðk; t ¼ 0ÞF

ð4:6Þ

The Nv eigenvalues and associated eigenvectors yield GCM expression for any
time correlation function between two dynamic variables of the given set of Nv ones
via a separable sum of contributions from Nv collective modes
FijGCM ðk; tÞ ¼

Nv
X
a

Gaij ðkÞeza ðkÞt :

ð4:7Þ

Here the sum is over Nv mode contributions, the za ðkÞ and weight coefﬁcients
Gann ðkÞ are in general case complex functions of wave number k. The mode contributions can be transformed to purely real weight coefﬁcients as it was proposed in
[27].
Very important is the issue of exact sum rules which should satisfy the theoretical time correlation functions Fij ðk; tÞ. Any time correlation function between
dynamic variables of the classical system has the following short-time expansion [7,
14]
Fij ðk; tÞ ¼ Fij ðk; t ¼ 0Þ½1 

1 2
1
1
hx iij ðkÞt2 þ hx4 iij ðkÞt4  hx6 iij ðkÞt6 þ . . .:
2!
4!
6!
ð4:8Þ

Here the wavenumber-dependent coefﬁcients hx2n iij ðkÞ, n ¼ 0; 1; 2; . . . are the
normalized 2nth frequency moments of corresponding spectral function (dynamic
structure factor for the case of density-density fluctuations)
hx2n iij ðkÞ ¼

1
2pFij ðk; t ¼ 0Þ

Z1
x2n Sij ðk; xÞdx:

ð4:9Þ

1

Since the dynamic structure factors are even functions of frequency for classical
systems—all odd frequency moments are equal to zero
hx2nþ1 iij ðkÞ  0

n ¼ 0; 1; 2; . . .

For the density-density time correlation functions there exist exact analytical
expressions for ﬁrst eight frequency moments [7]. The zeroth and second frequency
moments in the expansion of the density-density time correlation function have
very simple form
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hx0 inn ðkÞ  1;

hx2 inn ðkÞ ¼

kB T 2
k :
mSðkÞ

The higher even frequency moments of dynamic structure factor are expressed
via spatial integrals involving effective interactions and their spatial derivatives [7,
14]. The extended sets of dynamic variables enable derivation of theoretical
expressions for time correlation functions (4.7) with different level of the sum rules
fulﬁlled. As it was shown in [20] if the model included in the extended set of
variables all time derivatives of a hydrodynamic variable Aðk; tÞ up to the sth order,
GCM
then the corresponding GCM time correlation function FAA
ðk; tÞ would exactly
fulﬁll ﬁrst 2s þ 1 sum rules for corresponding frequency moments.
The eigenvalues and corresponding eigenvectors of the generalized hydrodynamic matrix represent the dynamic eigenmodes that can exist in fluids on the
spatial scale 2p=k for the given wave number k. The eigenvalues of TðkÞ are
either real numbers da ðkÞ or pairs of complex-conjugated numbers
za ðkÞ ¼ ra ðkÞ  ixa ðkÞ. The formers correspond to relaxing mode with the relaxation time da1 ðkÞ, while the latters—to propagating modes with dispersion xa ðkÞ
and damping ra ðkÞ. The GCM methodology was developed in spirit of the traditional for solids eigenvalue problem for dynamic matrix, however it is free from an
assumption of local potential energy minima for atoms and additionally allows to
study relaxing modes and their effects on the dispersion of collective excitations.
Analysis of the dispersion xðkÞ of acoustic modes should clarify the issue of the
existence and behaviour of positive sound dispersion and non-hydrodynamic modes
in supercritical fluids in very wide range of densities.
In the long-wavelength limit one knows the exact asymptotes of the correlation
times and different correlators, that allows analytical studies of non-hydrodynamic
collective modes in fluids [28]. Below we will show how analytical results can be
obtained within the GCM approach for the positive sound dispersion in supercritical
fluids. The GCM approach was successfully applied in analytical theories of
non-hydrodynamic optic-like excitations in binary liquids [29, 30], “fast sound”
excitations in binary liquids with disparate masses [31] and propagating charge
modes in molten salts [32], and all the analytical results were supported by the MD
simulations.

4.2.3

Viscoelastic Model

A simple dynamical model for longitudinal dynamics of fluids, which consists of
three dynamical variables


AðveÞ ðk; tÞ ¼ nðk; tÞ; J L ðk; tÞ; J_ L ðk; tÞ ;

ð4:10Þ

4 Collective Excitations in Supercritical Fluids

85

is well known as the viscoelastic one, because in addition to the hydrodynamic
variables of particle density and longitudinal component of mass-current density, a
non-hydrodynamic variable connected with the elastic properties of the liquid is
_ tÞ is connected to the stress
taken into account. Since the extended variable Jðk;
tensor rab ðk; tÞ via [33]:
d
Jðk; tÞ ¼ ik^
rðk; tÞ;
dt
there appear in the viscoelastic approach the elastic quantities connected with
microscopic forces acting on particles. From the point of view of exact sum rules
the density-density time correlation function obtained from this model will have
exact ﬁrst ﬁve sum rules satisﬁed, that is two more than within the hydrodynamic
description.
In this set of dynamic variables AðveÞ ðk; tÞ one does not take the energy fluctuations into account, hence the density-density correlation time can be obtained from
the hydrodynamic one snn ðkÞ deﬁned as
1
snn ðkÞ ¼
SðkÞ

Z1
Fnn ðk; tÞdt
0

by setting c ¼ 1 in the analytical hydrodynamic expression for Fnn ðk; tÞ [9]:
snn ðkÞ ¼

DL
:
c2s þ 4D2L k2

Now the generalized hydrodynamic matrix generated on the basis set (4.10) can
be written down as follows:
0

0
0 2 2
TðveÞ ðkÞ ¼ @
c c
imkc2T 1DL T

i mk
0
k2 c21

1
0
1 2 A;
2

c1 cT
DL

ð4:11Þ

where the following shortcut was introduced k2 c21 ¼ hJ_ L J_ L i=hJ L J L i with c1 being
the high-frequency (elastic) speed of sound. The quantities DL and cT in (4.11) are
the kinematic viscosity and isothermal speed of sound. One can easily ﬁnd
eigenvalues of the matrix TðveÞ ðkÞ within the precision of Oðk 2 Þ, which are a pair
propagating modes
z ðkÞ ¼

DL 2
k  icT k  rðkÞ  ixðkÞ;
2

and a non-hydrodynamic relaxing collective mode

ð4:12Þ
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dve ðkÞ ¼

c21  c2T
 DL k 2  d 0  DL k 2 ;
DL

ð4:13Þ

which tends to a nonzero constant d 0 in the long-wavelength limit. The factor
ðc21  c2T Þ is usually called as the “strength” of the structural relaxation process.
Besides, the constant d 0 goes to zero when the kinematic viscosity tends to inﬁnity,
that means an almost inﬁnite relaxation time of the mode dve ðkÞ at the glass transition. All this implies, that the non-hydrodynamic mode dve ðkÞ is connected to the
structural relaxation.
The expression for the sound dispersion (imaginary part of eigenvalues z ðkÞ)
does not show any effect due to coupling of acoustic excitations with the
non-hydrodynamic mode of structural relaxation dve ðkÞ, that can appear only in the
Oðk 3 Þ order in the sound dispersion. In order to estimate the imaginary part of the
complex eigenvalues corresponding sound dispersion within the precision of Oðk 3 Þ
one can derive from (4.11) an effective equation for sound eigenmodes by eliminating the known real eigenvalue dve ðkÞ (4.13). The effective equation reads
z2  D L k 2 z þ

c2T d 0 2
k ¼ 0;
dve ðkÞ

ð4:14Þ

and now the sound dispersion can be obtained as
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
DL
D2
xve ðkÞ ¼ cT k 1 þ 0 k2  L2 k 2 þ Oðk 4 Þ ¼ cT k þ bve k 3 þ . . .
d
4cT

ð4:15Þ

In the expression under the square root there are two contributions proportional
to k 2 : the ﬁrst one is positive and comes from the coupling of acoustic excitations
with structural relaxation, and the second contribution, the negative one, is the
standard renormalization down of the dispersion law due to the damping effects.
One can obtain the ﬁrst correction to the linear viscoelastic dispersion law, proportional to the k 3 having the following coefﬁcient:
bve cT

D2L 5  ðc1 =cT Þ2
:
8
c21  c2T

ð4:16Þ

The most interesting consequence is, that in general the sign of the Oðk3 Þ correction to the linear dispersion law can be different depending on the ratio between
the high-frequency speed of sound and the isothermal one. Note, that the
high-frequency speed of sound is always higher than the adiabatic one cs [34, 35],
pﬃﬃﬃ
which in its turn is c times higher than cT .
For the case of transverse dynamics the viscoelastic model contains just two
dynamic variables
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Aðve;TÞ ðk; tÞ ¼ J T ðk; tÞ; J_ T ðk; tÞ :

ð4:17Þ

These two dynamic variables can be used for estimation of the 2  2 generalized
hydrodynamic matrix for the transverse case. The two eigenmodes for this model
easily can be obtained [28, 36] in the whole range of wave numbers. In the
long-wavelength region they are purely real eigenvalues corresponding to two (one
hydrodynamic and one non-hydrodynamic) relaxing modes, while starting from a
nonzero wave number
pﬃﬃﬃﬃﬃﬃﬃ
qG
ks ¼
;
2g

ð4:18Þ

where G and g are the high-frequency shear modulus and shear viscosity, respectively, in the fluid emerge short-wavelength shear waves (a pair of
complex-conjugated eigenvalues of the generalized hydrodynamic matrix for the
transverse dynamics). The long-wavelength region k\ks in which the transverse
collective excitations are not supported by the fluid is called a propagation gap for
shear waves. The dispersion of the shear waves is

1=2
xT ðkÞ ¼ hx2 iJJ ðkÞ  r2 ðkÞ
;

ð4:19Þ

where the second frequency moment of the transverse current-current spectral
function
hx2 iJJ ðkÞ ¼ k2 GðkÞ=q 

hJ_ T ðkÞJ_ T ðkÞi
hJ T ðkÞJ T ðkÞi

should be larger than the square of the damping coefﬁcient rðkÞ in order the shear
waves to exist. The GðkÞ in the expression above is the wavenumber-dependent
shear modulus which tends to its macroscopic value G in the long-wavelength limit.
It is seen that for small wave numbers the second frequency moment of the
transverse current-current spectral function tends to zero resulting in the negative
expression under the square root in (4.19) that corresponds to the region where no
transverse propagating modes can exist in the fluid.

4.2.4

Thermoviscoelastic Approach

Now we will take into account the coupling of density fluctuations to thermal processes
and ﬁnd out how this effect contributes to the deviation of the dispersion curve from the
linear hydrodynamic dispersion law. We want to obtain the analytical expressions for
the eigenmodes in a pure fluid, within a ﬁve-variable thermo-viscoelastic model in the
long-wavelength limit [37]. The dynamical model Að5Þ ðk; tÞ
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Að5Þ ðk; tÞ ¼ nðk; tÞ; J L ðk; tÞ; eðk; tÞ; J_ L ðk; tÞ; e_ ðk; tÞ

ð4:20Þ

contains additionally to the viscoelastic model the energy density eðk; tÞ and the
corresponding extended variable e_ ðk; tÞ. The ﬁve eigenmodes within the precision
of Oðk 2 Þ for the thermo-viscoelastic model were reported in [37] and contained
three hydrodynamic modes:
d1 ðkÞ ¼ DT k 2 ;
z ðkÞ ¼ Ck 2  i½cs k þ Oðk3 Þ;

ð4:21Þ

exactly as they appear in the hydrodynamic approach, and two non-hydrodynamic
relaxing modes:
d2 ðkÞ ¼ d20  DL k2 þ ðc  1ÞDk 2 ;

ð4:22Þ

d3 ðkÞ ¼ d30  cDT k 2  ðc  1ÞDk2 ;

ð4:23Þ

and

where the following shortcuts were introduced:
d20 ¼

c21  c2s
;
DL

and
d30 ¼

CV h ðc  1Þ
½G 
;
jT
mk

and
D¼

d20 d30 DT
ðDT  DL Þ2 :
 d20 DL c2s

d30

The Gh corresponds to the heat rigidity modulus and λ is the thermal conductivity. The last terms in right hand sides of (4.22) and (4.23) appear only due to
coupling between the heat and density fluctuations. When this coupling is
neglected, i.e. c ¼ 1, one obtains for the non-hydrodynamic modes d2 ðkÞ and d3 ðkÞ
the same expressions as within the separated treatment of two-variable heat—and
three-variable viscoelastic dynamical models (at c ¼ 1 the non-hydrodynamic mode
d2 ðkÞ is reduced to (4.13)).
The complex eigenvalues of the thermo-viscoelastic dynamic model within the
precision of Oðk3 Þ are

4 Collective Excitations in Supercritical Fluids

89

zs ðkÞ ¼ Ck2  iðcs k þ bk3 Þ;

ð4:24Þ

where the coefﬁcient at k3 reads as follows:
b¼

C2
DL  DT cs DL
cs ðc  1ÞDT
 ðc  1ÞDT
þ
þ ðc  1Þ
:
0
2cs
2cs
2d2
2d30

ð4:25Þ

In the case when c 1 the estimate for the sound dispersion at the boundary of
hydrodynamic regime within the thermo-viscoelastic model reads:
xðkÞ cs k þ

cs D2L 5  ðc1 =cs Þ2 3
k ;
8
c21  c2s

ð4:26Þ

which is identical to (4.15) and (4.16) for the case of c ¼ 1, with cs being equal to cT .

4.3

Computer Simulations of Time-Dependent
Correlations

Computer molecular dynamics simulations represent a powerfull tool which being
based on laws of microscopic statistical mechanics is in fact a computer experiment
for realistic systems, that allows direct comparison with the output of real experiments. The time correlation functions directly obtained in MD simulations can be
compared via the time-Fourier transform with the experimentally measured
dynamic structure factor Sðk; xÞ. The dispersion of collective excitations can be
obained either directly from observation of the locations of the visible Brillouin
peaks (4.1) in dynamic structure factor, or from a ﬁtting procedure based either on a
simple model of damped harmonic oscillator (DHO) [38, 39] or expressions for
dynamic structure factor obtained within second order memory function approach
[7, 14]. The direct observation of the Brillouin peaks is not really precise methodology because they are well-pronounced only for essentially small wave numbers. Therefore the main approach of the direct estimation from MD of the
dispersion of collective excitations is from the peak position in the longitudinal
current spectral function C L ðk; xÞ, which according to the continuity equation has
the following relation with the dynamic structure factor [7, 14]
C L ðk; xÞ ¼

x2
Sðk; xÞ:
k2

ð4:27Þ

The methodology based on identiﬁcation of the dispersion of collective excitations with the peak locations of C L ðk; xÞ also has its drawbacks connected with
the neglect of contributions from relaxation processes to C L ðk; xÞ. The strong
contributions from relaxation processes can essentially shift the contribution from
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collective excitations and therefore the apparent peak position of C L ðk; xÞ can
essentially differ from the real frequency of the collective excitation.
Therefore more advanced methods of estimation of dispersion of collective
excitations in fluids are based on theoretical expressions for the time correlation
functions or Sðk; xÞ and C L ðk; xÞ obtained within generalized hydrodynamic
approach. The theoretical expressions are either ﬁtted (memory function approach)
or directly compared without any ﬁt (GCM approach) with the simulation data.
Several ﬁtting schemes were proposed for the density-density time correlation
functions or dynamic structure factors within different approximations for memory
functions [40–47] with the purpose to estimate dispersion of collective excitations
in liquids while parameter-free calculation of the dispersion was developed only
within the GCM approach.
In order to perform analysis of collective dynamics from MD simulations one
has to calculate hydrodynamic time correlation functions. For this purpose one has
to sample in MD simulations the spatial Fourier components of density of hydrodynamic quantities: number density of particles
N
1 X
nðk; tÞ ¼ pﬃﬃﬃﬃ
eikrj ðtÞ ;
N j¼1

ð4:28Þ

where k is the sampled wave vector and rj ðtÞ is the trajectory of the jth particle;
longitudinal and transverse components of momentum density
N
m X
J L ðk; tÞ ¼ pﬃﬃﬃﬃ
kvj ðtÞeikrj ðtÞ ;
k N i¼1
N
m X
J ðk; tÞ ¼ pﬃﬃﬃpﬃﬃﬃﬃ
½k  vj ðtÞeikrj ðtÞ ;
k 2 N j¼1

ð4:29Þ

T

and energy density
N
1 X
eðk; tÞ ¼ pﬃﬃﬃﬃ
ej ðtÞeikrj ðtÞ :
N j¼1

ð4:30Þ

In (4.29) and (4.30) vj and ej are the velocity and single-particle energy of the jth
particle. Note that the dynamic variables of number density and longitudinal component of momentum density are connected by the fundamental continuity equation
dnðk; tÞ ik L
¼ J ðk; tÞ:
dt
m

ð4:31Þ

The extended dynamic variables are obtained from (4.29) and (4.30) as their ﬁrst
time derivatives:
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N
m X
½kaj ðtÞ þ i½kvj ðtÞ2 eikri ðtÞ ;
J_ L ðk; tÞ ¼ pﬃﬃﬃﬃ
k N j¼1
N
X

m
T
J_ ðk; tÞ ¼ pﬃﬃﬃpﬃﬃﬃﬃ
k 2 N

½k  aj ðtÞ þ i½k  vj ðtÞkvj ðtÞeikrj ðtÞ ;

j¼1

N
1 X
e_ ðk; tÞ ¼ pﬃﬃﬃﬃ
½_ej ðtÞ þ iej ðtÞkvj ðtÞeikrj ðtÞ ;
N j¼1

where the overdot means the time derivative and aj ðtÞ is the acceleration of the jth
particle.
The density-density time correlation functions Fnn ðk; tÞ in different regions of
wave numbers are shown for supercritical Ar at T ¼ 280 K and density
921:885 kg/m3 in Fig. 4.1. The MD simulations [48] were performed for 13 densities along the isothermal line T ¼ 280 K for supercritical Ar using systems of
2000 particles interacting via ab initio Woon potentials [49]. Parameters of the
potentials were taken from [50] and cut-off radius was 12 Å. These potentials were
the same as used in the experimental and MD study of supercritical Ar at 573 K [5].
The time step in simulations was 2 fs. All the simulations were performed in microcanonical ensemble. Energy conservation was on very good level: the energy
drift was less than 0:02 percent over the production runs of 480; 000 time steps.
Every sixth conﬁguration was used for sampling of dynamic variables. Dynamic
variables of particle density, momentum density and energy density as well as their
time derivatives needed for GCM analysis were sampled for thirty different wave
numbers directly in MD simulations. The averages of static and time correlation
functions over all possible directions of different wave vectors with the same
magnitude were performed.
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Fig. 4.1 Density-density time correlation functions for supercritical Ar at T ¼ 280 K and density
921:885 kg=m3 at six wave numbers as directly obtained in MD simulations. The time scale for
reduction of units is 3:45494276 ps. A progressive vertical shift of 0:2 was applied with decreasing
wave numbers for eye convenience
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Fig. 4.2 Dynamic structure factors for supercritical Ar at 280 K at six wave numbers obtained
from time-Fourier transformation of corresponding density-density time correlation functions
shown in Fig. 4.1. A progressive vertical shift of 0:2 was applied with decreasing wave numbers
for eye convenience

In Fig. 4.1 one can see that only for very small wave numbers the
density-density time correlation functions show oscillating behaviour due to
propagating collective excitations, while with increasing wave numbers the oscillations got hidden under the relaxation shape of the Fnn ðk; tÞ. It is obvious that the
purely relaxation shape of Fnn ðk; tÞ as is observed for k [ 0:5 Å−1 for this thermodynamic point of supercritical Ar does not mean the absence of collective
excitations. The corresponding dynamic structure factors are shown in Fig. 4.2.
According to the Landau-Placzek ratio the visibility of the side Brillouin peaks
depends on the ratio of speciﬁc heats c, which was obtained in [48] from MD
simulations for this thermodynamic point c ¼ 1:98 in good agreement with the
NIST database [51]. It is seen from Fig. 4.2 that is is impossible to observe the exact
location of the side peak of Sðk; xÞ for wave numbers k [ 0:3 Å1 that excludes the
possibility to estimate dispersion of collective excitations for these wave numbers
directly from the obtained dynamic structure factors.
Since the fluctuations of density are connected with the fluctuations of the
longitudinal mass-current density via the time derivative of the former, the time
L
correlation functions FJJ
ðk; tÞ show well pronounced oscillations (Fig. 4.3) in the
region of small wave numbers. However even far outside the hydrodynamic region
the longitudinal current-current time correlation functions show negative minimum
at small times that is an evidence of the presence of collective excitations in contrast
to what was observed in the shape of the density-density time correlation functions
at large wave numbers.
L
The time-Fourier transform of FJJ
ðk; tÞ, which is denoted as C L ðk; xÞ, shows the
well-pronounced maximum as a function of frequency for all wavenumbers as it is
seen from Fig. 4.4. The maxima positions of C L ðk; xÞ give the direct, though being
exact only in the long-wavelength limit and therefore—not really precise for large
wave numbers, way of estimation of the dispersion xðkÞ of longitudinal collective
excitations in fluids.
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Fig. 4.3 Longitudinal current-current time correlation functions for supercritical Ar at T ¼ 280 K
and density 921:885 kg=m3 at six wave numbers as directly obtained in MD simulations. The time
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Fig. 4.4 Longitudinal current spectral functions C L ðk; xÞ for supercritical Ar at T ¼ 280 K and
density 921.885 kg/m3 at six wave numbers as directly obtained in MD simulations. A progressive
vertical shifts of 0.5 and 0.2 were applied in the left and right frames with decreasing wave
numbers for eye convenience

The ability of the generalized hydrodynamics to describe correctly the
time-dependent correlations are shown in Fig. 4.5, where density-density,
density-energy and energy-energy time correlation functions obtained from MD
simulations are compared without any ﬁt with the corresponding functions obtained
within the ﬁve-variable thermo-viscoelastic GCM approach (4.20). The theoretical
curves (4.7) almost perfectly recover the damped oscillations in the shape of the
MD-derived time correlation functions and nicely reproduce their short-time
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Fig. 4.5 Density-density,
density-energy and
energy-energy time
correlation functions obtained
from MD simulations (solid
line) and from ﬁt-free
thermo-viscoelastic
(20) generalized
hydrodynamic GCM
approach (dashed line) for
supercritical Ar at T ¼ 280 K
and density 1621:2 kg=m3
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behaviour due to high number of the sum rules fulﬁlled. This means that the
ﬁve-variable thermo-viscoelastic model is able to yield correct dispersion of the
collective excitations in fluids.
Transverse dynamics can be studied via analysis of the transverse current-current
T
time correlation functions FJJ
ðk; tÞ, shown for six wave numbers in Fig. 4.6. An
T
analytical expression for the FJJ
ðk; tÞ that follows from hydrodynamic theory [7] is
valid only for small wave numbers:
T;hyd
FJJ
ðk; tÞ ¼

kB T gkq2 t
e
;
m

ð4:32Þ

T
ðk; tÞ with the
where g is shear viscosity. In Fig. 4.6 the time correlation function FJJ
smallest wave number corresponds well to the single-exponential hydrodynamic
form (4.32). However outside the hydrodynamic region a deviation from the
hydrodynamic form is increasing. For very dense fluids outside the hydrodynamic
region a similar as in longitudinal case (Fig. 4.3) negative minimum at small times
is observed, which is an evidence of emerging in the liquid short-wavelength shear
waves [29, 36].
T
The time-Fourier transformed transverse functions FJJ
ðk; tÞ give transverse
T
current spectral functions C ðk; xÞ shown in Fig. 4.7. In contrast to the longitudinal
case C T ðk; 0Þ 6¼ 0, hence for the transverse spectral functions C T ðk; xÞ the contributions from transverse collective excitations can be hidden under the relaxing
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Fig. 4.6 Transverse current-current time correlation functions for supercritical Ar at T ¼ 280 K
and density 921:885 kg=m3 at six wave numbers as directly obtained in MD simulations. The time
scale for reduction of units is 3:45494276 ps. A progressive vertical shift of 1:0 was applied with
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Fig. 4.7 Transverse current spectral functions C T ðk; xÞ for supercritical Ar at T ¼ 280 K and
density 921:885 kg=m3 at six wave numbers as directly obtained in MD simulations. A progressive
vertical shifts of 1:0 and 0:2 were applied in the left and right frames with decreasing wave
numbers for eye convenience

part of C T ðk; xÞ. Indeed, the zero-frequency limit of the transverse spectral functions reads C T ðk; 0Þ q=ðk 2 gðkÞÞ, where gðkÞ is the wavenumber-dependent shear
viscosity, which tends in the long-wavelength limit to its macroscopic value g. The
issue of the visibility of transverse collective excitations in C T ðk; xÞ is not really
well elaborated in the literature, but it is obvious that the absence of the
well-deﬁned peak in C T ðk; xÞ does not mean the complete absence of shear waves
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propagating on nanoscales L 2p=k. Similarly, the absence of a side peak in
dynamic structure factors Sðk; xÞ for large wave numbers does not mean the
absence of short-wavelength longitudinal collective excitations. In fact their contribution simply is too weak in comparison with the one from relaxation processes.
Therefore in the case of transverse dynamics only the proper analysis based on
dynamic eigenmode calculations can reveal the existence of transverse excitations,
their dispersion and contribution to C T ðk; xÞ in a wide range of densities.
The two-variable viscoelastic model of transverse dynamics (4.17) is able to
fulﬁll only ﬁrst three frequency moments of the transverse current spectral function,
therefore the theoretical curves recover the MD-derived transverse time correlation
functions not so perfectly as it is for the longitudinal case. One should note that the
short-time behaviour of the transverse time correlation functions is exactly the same
as for the regular time correlation function (4.8) and depends on the ﬁrst few
k-dependent frequency moments. The long-time behaviour though is different in the
small-k and large-k limits. While in the hydrodynamic regime the transverse current
functions have typical single-exponential decay, in the limit of large wave numbers
these function should have Gaussian-type tail of the time dependence [7]. In
Fig. 4.8 theoretical and MD-derived transverse time correlation functions are
compared for three wave numbers. One can see that close to the hydrodynamic
region the quality of theory is very good, while in the region where exist shear
waves the theoretical curves correctly recover the frequency of damped oscillation,
but underestimate their damping. In general one can expect that further extension of
the two-variable set of transverse dynamics would allow better description of the
damping of shear waves. Note that for the highest wave number shown in Fig. 4.8
the Gaussian regime for the long-time behaviour has not been reached.
Having the eigenvalues obtained from the generalized hydrodynamic matrix
in the longitudinal and transverse cases one can compare the dispersion of the
eigenmodes with the dispersion curves estimated from the peak positions of current
spectral functions C L=T ðk; xÞ. In Fig. 4.9 one observes deviation of the dispersion
of longitudinal collective excitations from the linear hydrodynamic dispersion law
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Fig. 4.8 Transverse current-current time correlation functions for three wave numbers as obtained
from MD simulations (solid line) and from the ﬁt-free viscoelastic (4.17) generalized
hydrodynamic GCM approach (dashed line) for supercritical Ar at T ¼ 280 K and density
1621:2 kg=m3
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Fig. 4.9 Dispersion of longitudinal (L) and transverse (T) collective excitations for supercritical
Ar at T = 280 K and density 1621.2 kg/m3obtained from the peak positions of the L-and T-current
spectral functions (cross symbols with error bars) and from the theoretical thermo-viscoelastic
(4.20) and viscoelastic (for T) models of collective dynamics (plus symbols)

in perfect agreement of theory and MD simulations, that is an evidence of correct
description of the positive sound dispersion within the thermo-viscoelastic dynamic
model. The macroscopic adiabatic speed of sound cs is not an easy task to estimate
from molecular dynamics simulations. We used one of the most reliable approaches
to calculate cs via the long-wavelength extrapolation of a smooth dependence
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cðkÞ=SðkÞ multiplied by the thermal velocity. Here cðkÞ is the
wavenumber-dependent ratio of speciﬁc heats which easily can be expressed via
correlators used in the GCM approach [20, 52]. To date this is the most precise
methodology of calculations of adiabatic speed of sound from classical [35, 48] and
ab initio [53–55] simulations. A comparison of the calculated adiabatic speed of
sound for supercritical Ar with the NIST database showed almost perfect agreement
in the whole density range, see [48].
For the transverse case both the GCM theory and MD simulations are in nice
agreement for the existence and the width of the propagation gap for shear waves.
In the region of wave numbers where the density-density time correlation functions
show relaxing behaviour with no oscillations the peak positions of C L ðk; xÞ are
located at smaller frequencies with respect to the dispersion obtained from GCM
eigenmodes, that is explained by the neglect of the shift of the frequency to the
apparent one by contributions from relaxing modes. Similar tendency is observed
also for the transverse case. This means that the dispersion of collective excitations
should be estimated with the full account for different contributions to C L=T ðk; xÞ
spectral functions from all relaxing and propagating modes, that would allow
separation of actual contribution from L/T collective excitations to the C L=T ðk; xÞ.
Namely the GCM approach allows such a separation of different contributions to
the spectral functions of interest. In any case the region, where the positive sound
dispersion and emergence of shear waves are observed can be studied by different
methodologies, because they lead to consistent results for dispersion of collective
excitations.
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Crossover in Collective Dynamics
of Supercritical Fluids

-1

Fig. 4.10 Apparent speed of
sound capp ðkÞ ¼ xsound ðkÞ=k
for two densities of
supercritical Ar at T ¼ 280 K

Apparent speed of sound (m s )

Attempts to identify liquid-like and gas-like features in supercritical fluids have
been undertaken since the derivation of the van der Waals equation of state. More
recent approaches targeted on static density fluctuations [56] or suggested a continuous phase transformation in the supercritical region [57, 58]. In particular, in
[58] a mesophase in a ﬁnite density range separating the low-density gaseous and
high-density liquid phases in supercritical region was studied.
Here we will focus on dynamic manifestations of the possible crossover.
A crossover in collective dynamics from gas-like to liquid-like behaviour was
suggested in [5] on the basis of experimental study of positive dispersion of collective excitations in supercritical Ar. The idea was based on observation that the
positive sound dispersion practically vanished at some low density of the supercritical fluid, that led to a suggestion that the dense fluids have liquid-like type of
dynamics with nonzero PSD. This was supported by analytical treatment of the
positive sound dispersion caused by coupling of acoustic excitations to structural
relaxation [34]. Later on another speciﬁc non-zero positive dispersion was found in
MD simulations of supercritical Argon for low-density states [59]. In was found in
[59] that a weak positive deviation from the hydrodynamic dispersion remains even
for the low-density supercritical fluids, however it is not anymore connected with
the structural relaxation but with coupling with non-hydrodynamic heat waves
which can emerge in fluids on short wave lengths. The coupling to heat waves
causes the “residual PSD” far outside the hydrodynamic region. If the PSD was
solely caused by the structural relaxation it would vanish as it was shown in [34,
35] within the viscoelastic (no coupling with thermal processes) analysis of PSD. In
Fig. 4.10 one can observe how the PSD changes with reduction of the density for
the case of supercritical Ar. The apparent speed of sound estimated as xsound ðkÞ=k
shows rapid increase in the long-wavelength region for the high-density fluid, while
decreasing density causes much wider region of small wave numbers in which the
dispersion remains linear with k. Simulations performed in [34] showed that further
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reduction of the density can cause even a region with “negative” sound dispersion,
possibility of which is also supported by expressions (4.15) and (4.26).
Interestingly, that for model fluids of soft spheres, which do not have liquid-gas
coexistence, the density dependence of collective dynamics was found very similar
as in the supercritical Ar [35]. The apparent speed of sound calculated for soft
sphere fluids [35] gives evidence of a strong positive dispersion for the dense fluids
and its reduction with the decrease of density reaching almost zero-PSD state at
some density. Further decrease of density for soft sphere fluids resulted again in
non-zero PSD, that gives evidence of very similar scenario of behaviour of PSD as
it was observed in the case of Lennard-Jones fluids [5, 59]. This means that for the
systems with and without the gas-liquid binodal and critical point the behaviour of
the PSD is very similar.
In order to make a link between the dynamics of systems with and without the
coexistence gas-liquid binodal in [35] were calculated density dependences of the
thermal diffusivity DT and of the longitudinal kinematic viscosity DL. Their density
dependences were obtained qualitatively similar with a minimum right at the
density where the vanishing PSD was observed. For the soft sphere fluids was
obtained similar density dependence of DT as it was known for real supercritical
fluids [51] and were reported in studies of critical behaviour of thermal diffusivity
DT of CO2, C2H6 [60] and H2O [61]. Both quantities DT and DL deﬁne the
behaviour of the PSD as it follows from the analytical expression reported in 4.25.
On the other hand, in more realistic Lennard-Jones supercritical fluids (see [59])
minima in DT and DL have been found to correspond to maxima in the speciﬁc heat
CP. Note that in the soft sphere fluids the Widom line is no longer deﬁned (no
gas-liquid coexistence line and its continuation into supercritical regime) however a
link between high frequency dynamics and macroscopic transport/thermodynamic
quantities is retained. Put in different words, when soft sphere potential is turned
into the Lennard-Jones one by adding the attractive part, the correspondence
between the dynamic crossover in PSD and the Widom line is reproduced. In this
sense, the soft sphere fluids support such a relationship. For realistic fluids the
critical behaviour of the thermal diffusivity
DT ¼

k
nCP

depends on the divergence of thermal conductivity k and speciﬁc heat at constant
pressure CP at the critical point [62]. The experiments [60, 61] give evidence of a
rapid decay of DT on approaching the critical point, i.e. leading contribution from
the CP , and consequently, the line of the minimum of DT ðnÞ for realistic fluids
should be very close to their Widom line. This makes a strong argument in connecting the dynamic crossover in system with and without coexistence gas-liquid
binodal. It was suggested [35] that the dynamic crossover in soft sphere fluids takes
place at the line of minima of DT ðnÞ, which almost coincides with the line of
minima of DL ðnÞ. This is in agreement with the previous observations for supercritical Ar [59] as well as the very ﬁrst suggestions on the role of the Widom line in
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the observed dynamic crossover [5]. Both quantities, thermal diffusivity and longitudinal kinematic viscosity, deﬁne the relaxation behaviour of fluids, because they
deﬁne the hydrodynamic correlation times and damping of the long-wavelength
collective excitations [7, 14] as well as they deﬁne the width of hydrodynamic
regime [34]. It seems that namely these two quantities are responsible for the
dynamic crossover for all fluids: supercritical ones and soft-sphere systems. It is
necessary to stress, that the experimental studies [60, 61] were performed for fluids
near the critical point. Therefore for temperatures far away from the critical region
new simulation studies for Lennard-Jones fluids are required in order to check the
behaviour of positive sound dispersion in a wide range of temperatures: from
critical region up to very high temperatures. So far the only study [59] was performed in this direction on supercritical Ar. Its results were in agreement with the
ﬁndings for soft sphere fluids [35] on the connection of thermal diffusivity DT and
kinematic viscosity DL with the non-monotonic behaviour of positive sound dispersion. Furthermore, the NIST database [51] allows to follow the non-monotonic
behaviour of the density dependence of DT and DL in very wide temperature and
pressure ranges, that will deﬁnitely help in establishing their connection to the
positive sound dispersion far away from the critical region in realistic liquids.

4.5

Conclusions

The positive sound dispersion—a viscoelastic increase of the speed of sound
from the adiabatic one to its high-frequency (elastic) value—changes drastically
with density and practically disappears for gas-like fluids. This was observed in IXS
experiments on supercritical Ar [3, 5] and in MD simulations on many
Lennard-Jones fluids. Such a change of the pressure (density) dependence of PSD
was observed to take place in the supercritical fluids in the region of the Widom line
being a natural extension of the gas-liquid coexistence curve. The only unclear
issue of a possible separation of the liquid-like and gas-like fluids remained the case
of fluids without interparticle attraction which do not have the gas-liquid coexistence and the Widom line. Recently this problem was in the focus of a molecular
dynamics study [35]. That study gave evidence that the PSD behaves in the same
way in soft-sphere fluids as in the Lennard-Jones ones, the crossover in PSD takes
place on the line of minima of thermal diffusivity and kinematic viscosity—the fact
observed for supercritical fluids too [59]. The theory of PSD, developed within the
GCM approach, allowed one to connect the behaviour of PSD with the location of
the Widom line in supercritical fluids above the coexistence curve. The theory is a
general one—it does not depend on the particular interaction potentials. The results
of [35, 59] generalize the behaviour of supercritical and soft-sphere (without the
gas-liquid coexistence) fluids and extend our understanding of dynamic crossover
on all types of fluids.
It is important that the vanishing positive dispersion corresponds to the density
region where the thermal diffusivity DT and kinematic viscosity DL have their
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smallest values. These two transport quantities deﬁne the damping of
long-wavelength collective excitations and main hydrodynamic correlation times.
Hence the results [35] for soft sphere fluids and previously for the Lennard-Jones
ones [5, 34, 59] allow to conclude that the dynamic crossover between the
“liquid-like” and “gas-like” states of fluids takes place similarly for fluids with and
without the gas-liquid binodal in the region where thermal diffusivity and kinematic
viscosity have their minima as functions of density. For supercritical fluids the
correspondence between the dynamic crossover in PSD and the Widom line can be
obtained by approaching the critical point [34] and using the relation between
thermal diffusivity and speciﬁc heat at constant pressure.
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