
Facolt �a di Scienze Matematiche, Fisiche e Naturali

Corso di Laurea in Fisica

Dissertazione per la laurea triennale in Fisica

Imaging Vibrazionale Coerente

Relatore Candidato
Prof. Tullio Scopigno Vittorio Cecconi

Anno Accademico 2012-2013



ii



Contents

1 Basics of Raman Scattering 1
1.1 The Spontaneous Raman E�ect . . . . . . . . . . . . . . . . . 1
1.2 The Coherent Raman Interaction . . . . . . . . . . . . . . . . 3

2 Coherent anti-Stokes Raman Scattering Microscopy (CARS) 10
2.1 Principle of CARS . . . . . . . . . . . . . . . . . . . . . . . . 10
2.2 Mathematical expression for CARS signal . . . . . . . . . . . 11
2.3 Forward- and Epi- CARS Generation Mechanisms . . . . . . . 16
2.4 The Non-Resonant Background in CARS . . . . . . . . . . . . 18
2.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3 Stimulated Raman Scattering Microscopy (SRS) 23
3.1 Principle of Stimulated Raman Scattering . . . . . . . . . . . 23
3.2 Comparison of SRS and CARS Imaging . . . . . . . . . . . . . 24
3.3 Mathematical expression for SRS signal . . . . . . . . . . . . . 27
3.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

4 Raman Induced Kerr E�ect Spectroscopy 31
4.1 Crossed Polarisers detection . . . . . . . . . . . . . . . . . . . 32
4.2 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

5 Conclusions and Future Directions 38

A Appendix 39
A.1 Optical Processes . . . . . . . . . . . . . . . . . . . . . . . . . 39

Bibliography 42

iii



Preface

As Ammasi Periasamy (Professor Center Director, W.M. Keck Center for
Cellular Imaging ) quoted in his book "Coherent Raman Scattering Mi-
croscopy",

A picture is worth a thousand words...

Imaging began in Iraq in 1021, adopting the use of the pinhole cameralens
being replaced in 1550 by a biconvex lens developed in Italy. Antoni van
Leeuwenhoek (October 24, 1632-August 26, 1723), pioneered work in the
�eld during the 1670s. A Dutch tradesman and scientist, he is referred to
as "the Father of Microbiology", and considered to be the �rst microbiolo-
gist. He is best known for his work on the improvement of the microscope
and for his contributions towards the establishment of microbiology. With
chemical-based photography superseding mechanical imaging technology in
1826 in the �rst successful picture was taken in sunlight then to becommer-
cialized by Carl Zeiss in 1846 in Jena, Germany. Modern digital imaging
is based on technology which counts the number of light photons falling di-
rectly on a chip which then produces an image at the focal plane. It isthen
possible to manipulated and modify these images in a variety of di�erent
ways by using additional algorithms and available software. In the �eld of
imaging, microscopes are essential tools used to observe and describe cell tis-
sue, or even whole organisms, such as; protozoa, bacteria and spermatozoa.
Microscopes have enabled scientists to better study and understand the rela-
tionship between microscopic and macroscopic behaviour by openingup the
way to study the development, organization, and function of unicellular and
higher organisms, as well as structures and mechanisms at the microscopic
level. Moreover, the imaging function maintains temporal and spatial rela-
tionships that may be lost in traditional biochemical techniques and o�ers
two or three-dimensional resolutions that other laboratory methods cannot
give.
Fluorescence imaging, although powerful for cell biology, usually requires la-
beling the molecular species of interest in some way. This involves adding
bulky appendages to the molecule, which can interfere with normal func-
tion, and the uorophores themselves are subject to photo-bleaching, lim-
iting imaging time. Raman spectroscopy, which can be used to identify
molecules based on signature vibrational frequencies of chemical bonds fol-
lowing excitation by a laser, o�ers a label-free alternative. Good examples of
widely used non-labelled imaging methods are: coherent anti-StokesRaman
scattering spectroscopy (CARS) and stimulated Raman scattering (SRS) mi-

iv



croscopy, which can facilitate the imaging of molecular function making use
of the molecular vibrations (cells, tissues, and whole organisms). These tech-
niques have been widely used in research for example as in stem cell research.
Sir Chandrasekhara Venkata Raman, FRS (7 November 1888 21 November
1970) an Indian physicist whose work was inuential in the growth ofsci-
ence in India, was the recipient of the Nobel Prize for Physics in 1930for
the discovery, with his collaborator K.S.Krishnan, that when light traverses
a transparent material, some of the light that is deected changesin wave-
length. This phenomenon is now called Raman scattering and is the result
of the Raman e�ect. This phenomenon, bearing Ramans name, was charac-
terized in his own words as excessive feebleness, due to the low e�ciency of
inelastic scattering, hence necessitating intense excitation light. Due to this,
it was not until the emergence of lasers in the 1960s that Raman spectroscopy
was popularized. Raman spectroscopy has now become a valuable and indis-
pensable tool for chemical analyses in industrial and research laboratories.
This dissertation addresses the question of how Raman spectroscopy can be
used to obtain a point-by-point chemical map of a live cell or tissue. In sum-
mary, it can be said that thecoherentRaman e�ects, which will be described
in detail in the course of this dissertation, can be understood by the polar-
ization function P (3) . In Figure (20) (see Appendix) the non-linear response
will be covered: for weak �elds, only the harmonic part of the potential is
relevant and the polarization depends linearly on the �eld. For strong �elds
the polarization depends non-linearly on the incoming �eld.
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1 Basics of Raman Scattering

1.1 The Spontaneous Raman E�ect

I will begin to discuss the theory of spontaneous Raman e�ectwhich I take to
be the best starting point to describe the techniques of coherent spectroscopy
as outlined in this dissertation.

Although it is the electrons in the molecule that are set in motion by the
visible or near-IR driving �elds, their oscillatory motions do contain infor-
mation about the motions of nuclei. The reason for this is that the adiabatic
electronic potential depends on the nuclear coordinates [12]:

Vad(R) = Ee(R) + Vnn (R) : (1.1)

From the expression of the adiabatic potential is clear that the dynamics
of the nuclei is driven by the energyEe(R). This term represents the glue
that holds together the nuclei of atoms. Since the electrons are bound to
the nuclei, nuclear motions will a�ect the motions of the electrons aswell.
Therefore, the electronic polarizability is perturbed by the presence of nuclear
modes. To describe the e�ect of the nuclear motions, we �rst connect the
dipole moment to the (tensor) polarizability � (t) under the assumption that
the driving frequency is far from any electronic resonances of thesystem1

[12]
� (t) = � (t)E(t): (1.2)

In the hypothetical absence of nuclear modes and/or non linearities, the
polarizability can be approximated as a constant� 0, the polarizability of the
molecular mode at equilibrium position. In the presence of nuclear modes,
we can express the electronic polarizability in terms of the nuclear coordinate
Q (for small displacements), and expand it in a Taylor series:

� (t) = � 0 +

 
@�
@Q

!

0

Q(t) +
1
2

 
@2�
@Q2

!

0

Q2(t) + ::: = � 0 + � 0Q +
1
2

� 00Q2 + :::

(1.3)
Every harmonic oscillator is a system that respects

d2Q
dt2

+ 2
dQ
dt

+ ! 2
0Q = 0; (1.4)

1Note: For the incident EM wave, the electric �eld may be expressed asE =
E0 cos(2�� 0t), where � 0 is the frequency (Hz) of the incident EM .
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solving this di�erential equation, it can be established that,

Q = Q0 cos(! � t + � ) (1.5)

Therefore the physical displacement@Qof the atoms about their equilibrium
position due to the particular vibrational mode may be expressed as

@Q= Q0 cos(2�� vibt) ; (1.6)

where Q0 is the maximum displacement about the equilibrium position.
Based on the vibrational displacement of eq(1.6), the polarizability may be
given as

� = � 0 +
@�
@Q

Q0 cos(2�� vib t): (1.7)

The �rst-order correction to the polarizability has a magnitude of@�=@Q
can be interpreted as the coupling between the nuclear and electronic coor-
dinates. The nuclear motion along Q can be that of a classical harmonic
oscillator:

Q(t) = 2 Q0 cos(! vt + � ) = Q0[ei! v t+ i� + e� i! v t � i� ] ; (1.8)

whereQ0 is the amplitude of the nuclear motion,! v is the nuclear resonance
frequency,� is the phase of the nuclear mode vibration.
When the incoming �eld is written as E(t) = Ae� i! 1 t + c:c:, then the dipole
moment is found as (Complex):

� (t) = � 0Ae� i! 1 t + A

 
@�
@Q

!

0

Q0[e� i (! 1 � ! v )t+ i� + e� i (! 1+ ! v )t � i� ] + c:c: ; (1.9)

or in Real �eld:

P = � 0E0 cos(2�� 0t) +
@�
@Q

E0 cos(2�� 0t) cos(2�� vibt): (1.10)

Using a trigonometric identity2, the above relation may be recast as

P = � 0E0 cos(2�� 0t)+

 
@�
@Q

Q0E0

2

!
�

cos[2� (� 0 � � vib)t]] + cos[2� (� 0 + � vib)t]
�

:

(1.11)
The dipole moment oscillates at several frequencies. The �rst termon the
right-hand of equation (1.9) describes the process of elastic Rayleigh scat-
tering at the incident frequency. The second term describes the inelastic

2cos(� ) cos(� ) = 1
2 [cos(� + � ) + cos(� � � )].
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Raman-shifted frequencies at (! 1 � ! v), which is called the Stokes-shifted
contribution, and at (! 1 + ! v), the Anti-Stokes-shifted contribution. Note :
the Raman term is directly proportional to (@�=@Q), which describes how
the applied �eld brings about a polarizability change along the nuclear mode.
The polarizability change is strongly dependent on the symmetry of the nu-
clear mode in the molecule, which forms for the selection rules in Raman
spectroscopy.
I will now outline the following disadvantages with spontaneous Ramanspec-
troscopy: The main disadvantage is that the Raman signal3 is weak and in-
coherent. Fluorescence can easily overwhelm the Raman signal. TheRaman
scattering signal from each molecule bears an arbitrary phase relationship
with respect to phase of the incident �eld, since initial phase of the vibra-
tional mode� k changes from molecule to molecule. In a real experimental sit-
uation, we do not probe a single molecule, instead, an assembly of molecules
with their random initial phases and random orientations in space, thus the
molecules act as independent sources of radiation irrespective of the degree of
correlation amongst their positions. Therefore, the Raman scattering signal
will be an incoherent radiation spread in a 4� steradian solid angle. Practi-
cally, only a small fraction of the entire signal can be detected, which makes
the spontaneous Raman spectroscopy unsuitable for microscopicimaging at
fast acquisition rates. In Figure (1) we see the three main processes [9]:

Figure 1: The energy level for the three processes.

1.2 The Coherent Raman Interaction

If two coherent electromagnetic �elds are present with frequency di�erence
matching the vibration frequency of a Raman mode, the~E �elds can provide

3High signal levels (105 � 107� spontaneous Raman signal).
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a force driving the Raman vibration coherently.[10]

The term coherent Raman scattering(CRS) denotes a special class of light-
matter interactions. Central to this class of interactions is the particular way
in which the material is responding to the incoming light �elds: the response
contains information about material oscillations at di�erence frequencies of
two incident light �elds. However compared to spontaneous Raman scat-
tering, CRS techniques can produce much stronger vibrationally sensitive
signals. The popularity of CRS techniques in optical microscopy is inti-
mately related to these much improved signal levels, which have enabled the
fast scanning capabilities ofCRS microscopes. [9]

Description of Coherent Raman Scattering Coherent Raman Spec-
troscopy (CRS) techniques can be considered as two- step processes. In the
�rst step, a set of multiple laser pulses centered at di�erent optical frequen-
cies, but whose combination matches the vibrational frequency ofthe target
molecules, is incident on the sample and generates a vibrational coherence
state in the molecules. The above mentioned coherent collective induced vi-
brations in the �rst step prepare the sample for the second step.Following
this criterion, the divergence between spontaneous Raman and CRS, is that,
in spontaneous Raman, the target molecules vibrate with random phases,
whereas, in CRS, after the �rst step, target molecules vibrate coherently.
Analogous with the spontaneous Raman e�ect, in the second step of CRS,
another laser pulse, known as probe pulse interacts with the sampleand
modulates the vibrational coherence generated in the �rst step,either at the
same frequency of one of the �rst-step laser pulses or at a di�erent frequency.
At the output, the beat frequency is detectable between the vibrational res-
onance frequency and the probe pulse frequency identifying, in CRS, at least
two laser photons, called pump (! p) and Stokes(! s) respectively. The di�er-
ence of frequency (! p � ! s) matches a molecular vibration, as needed in the
�rst step, and a third laser photon, which either degenerates or not with re-
spect to the former pair, and needed as a probe (! pr ) in the second step. The
whole mechanism generates a fourth photon (! p � ! s + ! pr � ! CRS ). This
implies that CRS processes are a type of four-wave mixing (FWM) process,
driven by a non-linear response of the material. All optical phenomena that
arise from light-matter interaction can be described by introducinga proper
polarization term [13]:

P(r; t ) = f [E(r; t ); E(r 0; t)] (1.12)

meaning that the non-linear response at point (r; t ) is due to the action of
the applied �elds at the same point, and also of the �elds at a di�erentpoint
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(r 0; t). A typical approximation as a power series is as follows:

P(r; t ) = P (1) (r; t ) + P (2) (r; t ) + P (3) (r; t ) + ::: (1.13)

highlighting the various terms [9]:

P(r; t ) = � 0

Z

R
� (1) (r � r 0; t � t0) 
 E(r; t 0)dr0dt0+

+ � 0

Z

R
� (2) (r � r 0; t � t0; r � r 00; t � t00) 
 E(r 0; t0)E(r 00; t00)dr0dr00dt0dt00+

+ � 0

Z

R
� (3) (r � r 0; t � t0; r � r 00; t � t00; r � r 000; t � t000)



 E(r 0; t0)E(r 00; t00)E(r 000; t000)dr0dr00dr000dt0dt00dt000+ :::
(1.14)

P may be rewritten by identifying the linear and non-linear terms

P = PL + PNL (1.15)

where PL is linear contribution containing the �rst term P (1) (r; t ), linear in
electric �eld, and PNL is non-linear contribution containing the rest higher
order terms in electric �eld. Now we derive the Fourier transformation of
equation (1.14) so to change the components of the integral in thenew spa-
tial frequencies k and angular frequencies! . In order not to get lost in
calculations we illustrate only the �rst order term:

P (1) (r; t ) = � 0

Z

R
� (1) (r � r 0; t � t0)E(r 0; t)dr0dt0 (1.16)

The �rst transformation has the following form (we consider now the variable
r),

P(k; t) � F (k) =
Z

R
e� i ~k~r P (1) (r 0; t)dr =

=
Z

R
e� i ~k~r � (1) (r � r 0; t � t0)E(r 0; t0)dr0dt0 dr

(1.17)

with the following substitutions r � r 0 = r 00e dr = dr00we have,

F (k) =
Z

R
e� i~k ~r 00

e� ikr 0
� (1) (r 00; t � t0)E(r 0; t0)dr0dt0dr00 (1.18)
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so we �nd the respective values� (1) (r 00; t � t0) and E(k; t0). We consider now
the variable t

F (! ) =
Z

R
e� i!t � (1) (k; t0)E(k; t0)dt0 (1.19)

with the following substitutions t � t0 = t00, we have �nally:

P (1) (k; ! ) = � 0� (1) (k; ! )E(k; ! ): (1.20)

By ordering all orders we have:

P(r; t ) = � 0� (1) (k; ! ) 
 E(k; ! )+

+ � 0� (2) (k; k0; k00; !; ! 0; ! 00) 
 E(k0; ! 0)E(k00; ! 00)+

+ � 0� (3) (k; k0; k00; k000; !; ! 0; ! 00; ! 000)



 E(k0; ! 0)E(k00; ! 00)E(k000; ! 000) + :::

(1.21)

If the i th -order susceptibility � (i )(r; t ) is independent of r, its Fourier trans-
form � (i )(k; ! ) is independent of k. In this case, the response is called local.
To simplify understanding, I will substitute

! 0 � ! 1 ! 00� ! 2

! 000� ! 3 ! � ! 4
(1.22)

So that the the third-order component of the equation (1.21) becomes

P (3) (k4; ! 4) = � (3) (! 4; ! 1; ! 2; ! 3) 
 E(k1; ! 1)E(k2; ! 2)E(k3; ! 3) : (1.23)

It is possible to rewrite this equation in expression in the time space also
using the Fourier transformation,

P (3) (r4; t4) =

=
Z

R
� (3) (t4 � t1; t4 � t2; t4 � t3) 
 E(r1; t1)E(r2; t2)E(r3; t3)dr1dr2dr3dt1dt2dt3 :

(1.24)

Third-Order Susceptibility [9] All CRS processes as a rule, involve
virtual levels except real vibrational levels we want to probe. In Figure (2)
the representative energy-level diagram for the CRS processesis illustrated.
The process involves four photons, one each at frequencies! 1 and ! 3 are
destroyed and one each at frequencies! 2 and ! 4 are created. Mathematical
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Figure 2: Energy level diagram for CRS. Figure adopted from ref.[9].

expression for� (3) (� ! 4; ! 1; � ! 2; ! 3) for FWM process in Figure (2) is written
[14]

� (3) (� ! 4; ! 1; ! 2; ! 3) =
N
~

PF

X

m;n;q

� km � mn � nq� qk

(! mk � ! 1 � i mk )
�

�
1

(! nk � ! 1 + ! 2 � i nk )
1

(! qk � ! 4 � i qk)

(1.25)

wherePF is the full permutation operator, � ij are transition dipole moments,
! ij are the energy di�erences between associated energy levels,N is density of
molecules and ij are the homogeneous linewidth of the associated electronic
or vibrational transition. Therefore, in equation (1.25), on right hand side in
the denominator, inside the �rst and third factors, the terms (! mk � ! 1)and
(! qk � ! 4) will be identically zero due to the fact that virtual levels are
possible everywhere and they are always in resonance with all the incident
frequency combination. Hence, in the denominator the �rst and third factors
will remain pure imaginary and their product gives a real term, and follows

� (3) (� ! 4; ! 1; � ! 2; ! 3) =
N
~

PF

X

m;n;q

�
(! nk � ! 1 + ! 2 � i nk )

(1.26)

where � is a real quantity proportional to spontaneous Raman di�erential
cross-section. The complex� (3) term given by equation (1.26) is typically
written as:

� (3) (� ! 4; ! 1; � ! 2; ! 3) = � (� (3)R
Re + i� (3)R

Im + � (3)NR
Re ) : (1.27)

In equation (1.27), the superscriptR represents resonance therefore, mean-
ing that these parts of� (3) are coming from incident frequency combinations
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which are in resonance with vibrational frequency of the molecules.The
� (3)R resonant contribution (3)R has real and imaginary components:� (3)R

Re

and � (3)R
Im . Far from any electronic resonances, the imaginary component Im

is the resonance Raman response and it involves nuclear contribution from
the molecules. It has a typical Lorentzian line shape of spontaneous Raman
spectra (centered at resonant frequency of the molecule). On the other hand,
the real component� �

E (! 2)Re(3)R involves the electronic contribution from
the investigated molecules. It has a dispersive shape.
From equation (1.23), it can be seen that total incident �eld comprises of
three frequency componentsE(r1; t1)E(r2; t2)E(r3; t3). There are several
possible combinations of the frequency components that induce same com-
ponent of non-linear polarization. For the representative CRS process, fre-
quency component! 4 = ! 1 � ! 2 + ! 3 to induce P (3) (! 4), can arise from 6
possible combinations:

E(! 1)E � (! 2)E(! 3); E(! 1)E(! 3)E � (! 2); E � (! 2)E(! 1)E(! 3) (1.28a)

E � (! 2)E(! 3)E(! 1); E(! 3)E � (! 2)E(! 1); E(! 3)E(! 1)E � (! 2): (1.28b)

and the corresponding non-linear susceptibilities will be

� (3) (� ! 4; ! 1; � ! 2; ! 3); � (3) (� ! 4; ! 1; ! 3; � ! 2); � (3) (� ! 4; � ! 2; ! 1; ! 3)
(1.29a)

� (3) (� ! 4; � ! 2; ! 3; ! 1); � (3) (� ! 4; ! 3; ! 1; � ! 2); � (3) (� ! 4; ! 3; � ! 2; ! 1):
(1.29b)

This justi�es the presence of permutation operatorPF (equations (1.25) and
(1.25)) where in our representative CRS processPF = 6.
The third term � (3) is the �rst non-linear term that is non-zero for all the
media and is responsible for theCARS phenomena. The third-order suscep-
tibility is a fourth-rank tensor containing 34 = 81 elements, of which only
a few are independent in a system with symmetry. For isotropic materials,
such as liquids and gases, only four susceptibility terms are independent com-
ponents, since the following equations take place [12]:

� (3)
1111 = � (3)

2222 = � (3)
3333 (1.30)

� (3)
1122 = � (3)

1133 = � (3)
2211 = � (3)

2233 = � (3)
3311 = � (3)

3322 ; (1.31)

� (3)
1212 = � (3)

1313 = � (3)
2121 = � (3)

2323 = � (3)
3232 = � (3)

3131 ; (1.32)

� (3)
1221 = � (3)

1331 = � (3)
2112 = � (3)

2312 = � (3)
3113 = � (3)

3223 : (1.33)
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For (CRS) processes, the convention, for generic� (3)
(ijkl ) , is to assign indices

i, j, k, l to ! 4 ; ! 1 ; ! 2 ; ! 3 respectively to represent their electric �elds po-
larization states. In such componentwise representation of� (3) , the induced
polarization at frequency! 4 for the representative (CRS) process is written
as:

P (3)
i (� ! 4; ! 1; � ! 2; ! 3) / PF �

X

jkl

� (3)
ijkl (� ! 4; ! 1; � ! 2; ! 3)E j (! 1)E �

k (! 2)E l (! 3) :

(1.34)
This induced polarization is the source for the Raman response of the medium
in a CRS process.
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2 Coherent anti-Stokes Raman Scattering Mi-
croscopy (CARS)

In this chapter, an introduction to the CARS imaging technique will be
covered, describing it both from an analytical perspectiveand demonstrating
its potential by making use of real CARS imaging taken from some scienti�c
articles. It is clearly understood from this �rst techniquethat advances in op-
tical imaging techniques have completely revolutionized studies of the micro-
scopic world. In summary, this microscopic technique is a label-free imaging
technique that has the ability in real-time, to examine in a non-perturbative
manner, living cells, based on molecular vibrational spectroscopy.

2.1 Principle of CARS

As mentioned above, the modern optical techniques have revolutionized the
way to observe the microscopic world; simple techniques such as bright �eld
microscopy and di�erential interference contrast microscopy had a large role
in cellular and molecular biology experiments but did not provide chemical
speci�city. The imaging mode to identify speci�c molecules has improved un-
derstanding of biological processes on the microscopic scales. Many of these
techniques, however require the use of exogenous labels, which often perturbs
the system under test. Other imaging techniques such as uorescence imag-
ing provides molecular speci�city but the number of endogenous uorophores
are limited. The vibrational microscopy technique provides intrinsic chemical
selectivity, since di�erent molecules have speci�c vibrational frequencies. In-
frared microscopy has been a great success, but it is limited due to anumber
of di�culties, including low sensitivity due to non-background-free detection,
low spatial resolution and absorption of infrared light from the absorption
of water. Raman microscopy has been extensively developed and a function
in biomedical applications in glucose detection and tumor diagnostics,DNA
detection and micro-endoscopy have been found. We can say thatthe key to
the observation of living biological samples, which the optical imaging tech-
niques impose, is divided into three main aspects:

(1) must be non-invasive,
(2) chemical selectivity,
(3) high sensitivity.
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Figure 3: (a) Energy-level diagram for CARS, (b) Spectral positions of thebeams. Figure
adopted from ref.[9].

Conventional Raman microscopy can satisfy only the �rst two but not the
third. In fact, Raman microscopy has limitations, such as having an ex-
tremely weak signal, which causes data acquisition to be lengthy. Coherent
anti-Stokes Raman Scattering (CARS) microscopy meets all of these require-
ments.

CARS is a four-wave mixing process where a pump beam, a Stokes a one
probe with a frequency! p, ! s and ! pr respectively induce a polarizationP (3)

in the sample. This oscillating-induced polarization generates an anti-Stokes
radiation, with frequencies! aS = ! P + ! pr � ! s, Fig(3). Commonly, experi-
ments are performed in a frequency-degenerate manner with thepump and
the probe �eld being obtained from the same laser so that has! aS = 2! P � ! S.

2.2 Mathematical expression for CARS signal

In this section, the mathematical expression of the CARS signal will be cov-
ered, by considering some formulas and reecting on some important concepts
that must be highlighted, such as the phase matching condition. We begin with
the classical Maxwell equation to arrive at the relationship between the elec-
tric �eld E and the electric polarization P.

The interaction of light �eld with materials is described by the Maxwells
equation. Without free current, charge and no magnetization, wehave [17]:

8
><

>:

r � E = � 1=c @B =@t ; r � D = 0

r � H = 1=c @D =@t ; r � H = 0
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whereH , D , E, and B stand for magnetic �eld, electric displacement, electric
�eld, and magnetic ux density, and D = E + 4� P. Through simple steps
one can obtain an equation relating the electric �eldE with the electric
polarization P:

r � (r � E(r ; t)) +
1
c2

@2E(r ; t)
@t2

= �
4�
c2

@2P(r ; t)
@t2

(2.1)

At high �eld intensities the polarization P on the right-hand side of eq.(2.1)
has the following relationship withE (see non-linear optics theory, ref[9]):

P = P (1) + P (2) + P (3) + ::: = � (1) � E + � (2) � EE + � (3) � EEE (2.2)

where � n is the susceptibility tensor of rankn + 1. The linear susceptibility
is related to the complex dielectric constant by� = 1 + 4 �� (1) . The second
order susceptibility � (2) and all the other even terms are always equal to
zero in isotropic media such as gases and liquids and in centro-symmetric
crystals. The third term � (3) is the �rst non-linear term that is non-zero for
all the media and is responsible for theCARS phenomena. In order not to
repeat the concepts of non-linear optics covered in the previous chapter, it is
necessary only to consider the equation outlined in (1.34).
Figure (4) shows the energy diagram of CARS in parallel to two non-resonant
four-wave mixing processes. Figure (4.a) shows the energy diagram of the
CARS process. Besides this process, there are still two kinds of non resonant
phenomena : non-resonant transition (Fig(4.b)) and two-photonabsorption
.(4.c)), which are considered as the major drawback of CARS microscopy.
The three transitions can be expressed by the third-order non-linear suscep-
tibility:

� (3) = � (3)
NR +

AR


 R � (! p � ! S) � i � R
; (2.3)

where 
 R is the vibrational frequency and �R is the half width at half max-
imum of the Raman line. �R is a constant that represents the Raman scat-
tering cross-section. When! p � ! S is equal to 
 R , the resonant signal is
maximized. � NR is a real constant representing the non-resonant background
CARS signal. The second term on the right hand side of the equation is the
vibrationally resonant contribution � (3)

R with AR the e�ective amplitude as-
sociated with the ! resonance. So theCARS polarization can be expressed
as (including the non-resonant term):

PCARS = � (3) E2
pE �

S ; (2.4)

whereEp and ES represent the pump and Stokes light �elds, andE �
S is the

complex conjugate ofES. The term � (3) can be expressed by the resonant
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Figure 4: Three types of transitions contributing to observed the CARS signal. (a)
The resonant transition. (b) The non-resonant transition. (c) T wo-photon absorption.
Solid lines indicate real states and dashed lines indicate virtual states. VG : Ground state,
VR : Raman-active vibrational state, 
 R : Raman vibrational frequency, P pump beam, S
stokes beam,PR probe beam. Figure adopted from ref.[17].

and non-resonant part, i.e.,� (3) = ( � (3)
R ) + ( � (3)

NR ).

Before considering calculations to arrive at an expression of the CARS signal,
it is helpful to point out that in the absence of the electronic resonances for all
parallel polarization conditions, both CARS and Spontaneous Ramanscat-
tering provide the same information. Spontaneous Raman is in fact,closely
related to Im [� (3) ], which describes the CARS vibrational response, although
� (3) contains additional terms which do not contribute to the spontaneous
Raman emission process. The CARS spectral shape di�ers from theRaman
line-shape because of the interference between the contributionfrom various
vibrational modes and the non-resonant background.� (3)

R has the form of
equation (2.3) without the non-resonant term, and represents asum of all the
vibrational resonance. Its real part has a dispersive line-shape and the imagi-
nary, which mirrors the spontaneous Raman line, has a Lorentzian shape, see
Figure (5.b). An important advantage of CARS microscopy over scattering
spontaneous Raman microscopy is the fact that the uorescent background
from the sample does not interfere with the CARS signal. Given! p > ! s,
it follows that the ! as frequency is higher than all excitation frequencies.
This implies that all background uorescence and spontaneous Raman sig-
nals from the sample will be observed at lower frequencies comparedto that
of the excitation.

A description of CARS can be obtained by interpretation of the fourcoupled
equations (A.7) noted in the Appendix. By making the following assignment
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[9]:

! 1 � ! P ! 2 � ! S

! 3 � ! P ! 4 � ! AS
(2.5)

Equation (A.7) become:

@Ap(r; t )
@z

= � i� p� (3) AS(r; t )A �
p(r; t )AAS (r; t )e� i � kz (2.6a)

@AS(r; t )
@z

= � i� S� (3) Ap(r; t )Ap(r; t )A �
AS (r; t )ei � kz (2.6b)

@Ap(r; t )
@z

= � i� p� (3) A �
p(r; t )AS(r; t )AAS (r; t )e� i � kz (2.6c)

@AAS (r; t )
@z

= � i� AS � (3) Ap(r; t )A �
S(r; t )Ap(r; t )ei � kz (2.6d)

where � j � 3� 0 ! 0c
16n j

, PF = 3 in equation (A.7), and � k � kAS + kS � 2kp is
the phase-matching term., as shown in Figure (5).

As already outlined, phase-matching requires that the sum of the momenta
of the two absorbed pump photons, has to equal the sum of the two emitted
photons, the Stokes and the anti-Stokes. However it should be noted that
phase matching is not required for a CARS process to take place in anin-
dividual molecule, given the momentum conservation can generally occur by
the molecule in many ways; at the same time, it is required to build a coher-
ent CARS amplitude which is proportional to N, (i.e. the density of Raman
active molecules in the volume) which is emitted in a particular direction,
e.g., along the z axis. If one looks at the intensity in the equation (2.9), it
can be noted that the term phase matching occurs at maximum whenthere
is the condition of j� kjL � � , and thus the CARS signal can be detected
only in a certain direction as seen in �gure (5.a).

By placing AP (r; t ) = AP
�= const and AS(r; t ) = AS

�= cost, integration
of equation (2.6d) over a lengthL gives:

Z L

0
dAAS (r; t ) =

Z L

0

"

� i� AS � (3) AP A �
SAP ei � kz

#

dz =

= � i� AS � (3) AP A �
SAP

Z L

0
ei � kzdz

(2.7)

After simple algebra and with the initial conditionAAS (0; t) = 0, one obtains:

AAS (L; t ) = � i� AS � (3) AP A �
SAP L[ei � kL

2 ]sinc
� � kL

2

�
; (2.8)
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Figure 5: On the left Phase-matching condition ofCARS. (Phase-matching condition for
forward-generated CARS). Figure adopted from ref.[21]. On the right Real and Imaginary
contributions to the Raman line with a line width �. Figure adopted from ref.[9].

which corresponds to an intensity:

I AS (L; t ) / j AAS (L; t )j2 =

= � 2
AS j� (3) j2I 2

P I SL2sinc2
� � kL

2

�
;

(2.9)

where equation (2.9) highlights the main CARS properties.

Excitation Geometry Due to the coherent nature of the CARS process,
an intense signal can be obtained i� constructive interference is maintained
between the beams within interaction volume. In condensed phase4 CARS
spectroscopy dispersion leads to a large phase mismatch and, consequently,
to low CARS signals if a collinear excitation geometry is employed. This
problem is resolved in CARS spectroscopy by choosing an appropriate angle
between the excitation laser beams. Without going into further detail, CARS
microscopy saw a renaissance when it was realized that the phase-matching
conditions were ful�lled in a collinear excitation geometry under tight focus-
ing condition. Focusing excitation laser with high-numerical-aperture lenses
onto di�raction-limited spot sizes reduces the interaction length toa few
microns. This and the large cone of wave vectors present in the tightly fo-
cused beams lead to a ful�llment of the phase-matching condition andto
consequently to a strong CARS signal. The next chapter explains that for
structures that are signi�cantly larger than the wavelengths involved, the
CARS signal almost exclusively propagates in the forward direction.A de-
tailed theoretical treatment of the CARS signal generation and propagation
shows that comparatively strong CARS signals can also be obtained inthe
backward direction.

4Liquids and solids are called condensed phase.
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2.3 Forward- and Epi- CARS Generation Mechanisms

Due to the coherent nature of the technique of the CARS signal, the far-
�eld radiation pattern is much more complex and complicated than those
observed in incoherent imaging techniques, such as uorescence and Raman
microscopy, where the signal is emitted in all directions. This radiation in
CARS is highly dependent on innumerable parameters, including the size
and shape of the scattering objects and the non-linear susceptibilities of the
objects. As we can see in Figure (6) [7], each vibration oscillator can be
considered as a Hertzian dipole at anti-Stokes frequency. For extremely thin
layers of oscillators, the radiation pattern becomes more directional, and
propagates equally in forward and epi-5 directions. As the sample thickness,

Figure 6: The e�ect of coherent signal in the focal volume: (a) single dipole, (b) �eld
from a plane of dipoles, (c) A few induced dipoles together generatea forward- and weak
epi-direction signal, (d) in bulk material, coherently interfere to generate only a strong
forward signal, (e) As the size of the scattering object increases, the epi- signal generated
by mechanism (1) drops dramatically while the forward signal continues to build to an
asymptotic level de�ned by the focal volume, (f) At an interface, mechanism (2) generates
an epi- signal that is constant in intensity once the object size exceeds the focal volume.
Figure adopted from ref.[7].

z, increases constructive interference occurs in the forward direction, as � z is
small resulting in forward-propagating CARS (F-CARS). At the same time
destructive interference occurs in the backward direction as �z is large, lead-
ing to no epi-CARS signal for bulk objects [7]. This suggests that theCARS
signal nay be generated only in F-CARS. However, this does not happen, in
fact the epi-direction has been observed in CARS microscopy arisingfrom

5For those who do not know epi-: a pre�x occurring in loanwords from Greek, where
it meant over, before, after.
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three di�erent mechanisms:

Mechanism 1) Epi-CARS signal is generated from objects whose sizeis small
enough (� p=3).

Mechanism 2) Epi-CARS signal is generated at sharp discontinuities on � (3) .
Edges or discontinuities (essentially in�nitely small) break the symmetry at
focal volume.

Mechanism 3) Epi-CARS signal is generated from a sample that contains
many local changes in the index of refraction, where can redirect forward-
propagating photons in the the epi-direction (in this case, it is not related to
coherent signal!).

Below, a generic experimental set-up of CARS can be seen, displayed here
with forward and backward direction signals captured immediately after the
imaging of tissue obtained in both modes. The schematic of a laser-scanning
CARS microscope is shown in Figure (7) [2]. So, due to the condition of
phase matching the majority of CARS signals, radiated in the forward direc-
tion may be detected through the PMT1 with the use of a �lter, while the
signal (epi-) is detected with use of PMT2.

Below is shown in Figure (8), ofex vivo tissues (with CH2 stretch contrast)
that were imaged using F-CARS and E-CARS methods. In the �rst case Fig-
ure (8.a), there is an Epi-CARS image of a white adipose tissue of a mouse
omentum majus which generates an intense CARS signal. Kidney tissue
gives an excellent contrast with CARS microscopy. In Figure ((8.c ) adipose
tissue , can be seen on the surface of the kidney; also taken via E-CARS.
Finally in Figure (8.e) with F-CARS an image in �xed bovine retina can be
seen. It can be noted that the imaging taken through the method E-CARS
are very sharp and clear. This is not surprising, as we shall see in thenext
paragraph. There are various techniques of suppression of NRB including
backward (Epi-) CARS detection. The E-CARS e�ectively increase the con-
trast of small objects and this can be exempli�ed by taking into consideration
the condition of phase- matchingj� kjL � � that need not be necessarily
the same as zero which means that the CARS radiation from small scatterer
can go in any direction instead of being con�ned to the forward direction (E-
CARS may also contain the radiation from a bulky medium due to multiple
scatterings of the forward photons that are re-directed into the epi-direction).
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Figure 7: This �gure shows the schematic of a typical laser-scanning CARS microscope.
The pump and Stokes should be spatially and temporally overlapped before entering the
laser scanning microscope. Temporal overlap is realized by using synchronized laser sources
and a delay line in either the pump or the Stokes beam; while the spatialoverlap relies
on the dichroic mirror and �ne tuning of the laser paths. After ente ring the microscope,
the excitation beams are tightly focused onto the sample by a high numerical aperture
microscope objective. Three-dimensional imaging is realized by two-dimensional scanning
of the laser beams in the horizontal plane (lateral) using the scanner and one-dimensional
scan through the vertical (axial) movement of the focusing objective. The CARS signal
at each scanning point is recorded by the two photomultiplier tubes (PMTs). Due to
the phase-matching condition, most CARS signals radiate in the forward direction and
can be detected by PMT1 through a short pass �lter set. Whereasthe backward (epi-)
propagating CARS (E-CARS) signal mainly comes from the small features and interfaces
in the sample and can be detected by PMT2. Figure adopted from ref.[2].

2.4 The Non-Resonant Background in CARS

The main source of background in CARS microscopy is from the non- res-
onant signal. Therefore, the NRB is an important factor in every CARS
application. Its inuence depends on the mode of operation of the experi-
ment. In this chapter the concept of NRB and its consequencesin CARS will
be covered. Examples of suppression techniques for non-resonant background
are described, and among these, will discuss in detail the P-CARS technique.

The non resonant background is the major drawback of CARS microscopy.
This phenomenon is due to the electronic contributions of both the surround-
ing solvent and the samples, which distort the spectral line. Equation (2.9)
shows that the total CARS signal is a coherent addition of resonant and
non-resonant contributions. The magnitude of the resonant contribution is
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Figure 8: Coherent anti-Stokes Raman scattering (CARS) imaging of varioustissues ex
vivo, in both F-CARS and E-CARS, measured using theCH2 stretch at 2085 cm� 1 as
contrast. Figure adopted from ref.[3].

directly related to the oscillator strength and the number density of the vibra-
tional mode involved. As long as the spectral bandwidth of the laserpulses
matches the vibrational line width, this resonant contribution is almost in-
dependent of the laser pulse duration. On the other hand, the non-resonant
contribution is independent of the sample and strongly increases with de-
creasing pulse duration. As a result the ratio of the (resonant/non-resonant)
contribution decreases with decreasing pulse duration of the laser. Now to
give an important example of CARS imaging distortion, the case of water will
be shown. Water is of particular interest in this study, and in the images in

Figure 9: Imaging skin of living mice. On the left we have SRS water image (3250
cm� 1), shows a homogeneous distribution of water. On the right, CARS water image,
shows artifacts from the non-resonant background of lipids. Acquired in epi-direction.
Figure adopted from ref.[19].

�g. [19] there is a comparison of SRS vs CARS in the case of a living mouse.
It is of interest mainly in the study of transport properties of water-soluble
drugs and their e�ect on the hydration of the skin barrier [20]. In Figure (9)
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it is noted that CARS imaging of water is distorted due to the non-resonant
background which brings about an image artifact. It shows positivecontrast
for the lipid-rich areas of thestratum corneum layer, which do not contain
water. This e�ect is not observed in SRS as it is free from this background.

As mentioned above, the inuence of NRB on image quality depends onthe
mode of operation of the experiment, namely, single-frequency ormultiplex
CARS microscopy. In the �rst case, the non-resonant background limits the
detection sensitivity, while in multiplex CARS, the non-resonant background
is actually bene�cial and serves to amplify the resonant response.This im-
portant property of the multiplex CARS is shown below (CARS Microscopy;
M•uller, Zumbusch (2009)):

I as / j � (3)
R j2 + 2� (3)

NR Re[� (3)
R ] + j� (3)

NR j2 : (2.10)

Without going into details, the single-frequency response mode of CARS
(which is the most widely used) will be discussed now. To suppress thenon-
resonant background, many techniques have been developed, the most im-
portant are: Epi -detection CARS (E-CARS), Counter- propagating CARS
(C-CARS), Time -resolved CARS (TR -CARS) and many others, but for
the sake of space the focus is on only one of these, on Polarization sensitive
CARS (P-CARS).

Polarization-sensitive CARS [10]

In CARS spectroscopy, the traditional method for reducing the non-resonant
contribution to the CARS signal is based on using the di�erent polarization
dependencies of� (3)

NR and � (3)
R . [18]

Polarization-sensitive CARS (P-CARS) is based on the polarization di�er-
ence between the resonant and non-resonant signals, which is realized by
using the pump and Stokes beams with di�erent polarization angles. As
shown in Figure (10), the pump beamEP is linearly polarized along the X-
axis while the Stokes beamES has a polarization angle of� with the X-axis.
The x and y components of the non-resonant partPNR of the third-order
polarization can be written as:

PNR
x = 3� NR

1111E
2
P E �

S cos(� ) (2.11)

PNR
y = 3� NR

2112E
2
P E �

S sin(� ) (2.12)

20



The nonresonant partPNR is linearly polarized at an angle of� with respect
to the x-axis and its amplitude can be written as

PNR = 3� NR
1111E

2
P E �

S cos(� )=cos(� ) (2.13)

where the angle� is related with � by tan(� ) = � NR tan(� ). � NR = � NR
2112=� NR

1111

is the depolarization ratio of the non-resonant third-order polarization, and is
equal to 1/3, following the Kleinmans symmetry assumption. Similarly,the
x and y components of the resonant partPR of the third-order polarization
can be expressed as

PR
x = 3� R

1111E
2
P E �

S cos(� ) (2.14)

PR
y = 3� R

2112E
2
P E �

S sin(� ) (2.15)

As the depolarization ratio of the resonant component,� R , has a di�erent

Figure 10: Schematic of polarization vectors for the pump and Stokes �elds and the gen-
erated resonant and non-resonant CARS signals. The dotted blue-line shows the analyzer
orientation for detecting P-CARS. Figure adopted from ref.[9].

value from that of the non-resonant component, the resonant third-order po-
larization is polarized in a di�erent direction, and thus by placing a polariza-
tion analyser perpendicular to the polarization direction of the non-resonant
component as shown in Fig.(10), only the resonant signal is detected and its
intensity is as follows

PR
? = 3� R

1111E
2
P E �

S[cos(� ) sin(� )� � R sin(� ) cos(� )] = 3 � R
1111E

2
P E �

S(1� � R=� NR ) :
(2.16)

P-CARS has been successfully demonstrated to remove the non-resonant
background in CARS spectroscopy and microscopy. Equation (2.16) sug-
gests that the signal is a fraction of the total resonant signal. Hence, the
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detected signal intensity in P-CARS is quite low as it is just a small por-
tion of the total resonant signal, as can be seen in Figure (10). So given
that the angle between the resonant and non-resonant polarization is gen-
erally small, i.e., reducing the non-resonant contribution, it also leadsto a
resonant contribution of the attenuation of the signal. It must benoted
that di�erent vibrational modes may have di�erent depolarization ratio, and
therefore requires di�erent settings of the polariser. This factor implies that
there is not a unique setting for which the dispersive character of the CARS
spectrum (that results from the cross term 2� (3)

NR Re[� (3)
R ]) is eliminated com-

pletely over the whole spectral range. This explains why this methodhas
found only limited use in CARS microscopy while it is frequently employed
in CARS spectroscopy.

2.5 Conclusion

In conclusion, a brief overview with strengths and drawbacks of CARS will
be considered in comparison to spontaneous Raman and other imaging tech-
niques. With CARS, no uorescent probes are needed (the contrast of CARS
imaging originates from intrinsic molecular vibrations), and the intensity is
several orders higher (due to the constructive interference) than Raman,
which makes real-time imaging possible. Also, CARS microscopy has a 3-
dimentional (3-D) optical sectioning ability and �nally, the signal is easily
detected due to its shorter wavelength than the excitations. However, the
non-resonant background remains the biggest problem, limiting its sensitiv-
ity. A comparison could be done with the Stimulated Raman Scattering
(SRS) technique, which will be covered and analysed in detail in the fol-
lowing chapter. SRS compared to CARS, has the advantage in that itis
NRB free and the intensity is proportional to the concentration6 of Raman
scatterers, making it easier to interpret the image.

6Although � (3) is linearly dependent on the number of oscillators, the CARS signal
depends uponj� (3) j2 (see equation (2.9)) and is therefore proportional to the squareof
the number of vibrational oscillators. This makes CARS di�erent fro m Raman and SRS
which is linearly dependent on the number of vibrational oscillators.
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3 Stimulated Raman Scattering Microscopy
(SRS)

In stimulated Raman scattering a photon of frequency! is annihilated and
a photon at the Stokes shifted frequency! S = ! � ! V is created, leaving the
molecule (or atom) in an excited state with energy~! v. The excitation en-
ergy is referred to as! v because stimulated Raman scattering was �rst studied
in molecular systems, where~! v corresponds to a vibrational energy.[1].

3.1 Principle of Stimulated Raman Scattering

SRS is another form of CRS process. The process is excited under the same
conditions as resonant CARS though, in contrast to spontaneousRaman
scattering, in which the sample is illuminated with one excitation �eld, in
SRS two excitation �elds at the pump frequency,! p, and the Stokes fre-
quency, ! s, which coincide on the sample. The pump and the Stokes with
their angular frequencies! p and ! s, are focused on the sample and their dif-
ference frequency (! p � ! s) is tuned to a molecular vibrational resonance 
.
The presence of both pump and Stokes beams stimulates the excitation and
accelerates the rate of population transfer to the excited vibrational state as
compared to that in spontaneous Raman process as illustrated below: [12]

R(Stimulated Raman )

R(Spontaneous Raman)
= nStokes + 1 ; (3.1)

whereR(Stimulated Raman ) andR(Spontaneous Raman ) are the excitation ratesnstokes

is the number of photons present in the optical mode of the Stokesbeam.7

If the di�erence frequency of the excitation beams, �! = ! p � ! S, matches
a vibrational frequency, 
, of the molecule, the molecular transition rate is
increased due to the stimulated excitation of the molecular transition. The
molecular population is transferred from the ground state through a virtual
state to the vibrationally excited state of the molecule. This is di�erent to
spontaneous Raman scattering, in which the transition is spontaneous, result-
ing in much weaker signal. Following the coherent excitation of a molecular
vibration, a pump photon is absorbed by the sample and the Stokes photon
is generated. This results in loss (SRL) and gain (SRG), � I p and � I S, of
the intensity of both the transmitted pump and Stokes beams,I p and I S:

7Only a laser beam can provide su�ciently large nStokes to excite e�ciently the molec-
ular vibrational level for SRS to be signi�cant over normal Raman.

23



[12]
� I S / N � � Raman � I p � I S (3.2)

� I p / � N � � Raman � I p � I S ; (3.3)

whereN is the number of the molecules in the probe volume, and� Raman is

Figure 11: (a)Energy level scheme of Stimulated Raman Scattering, (b) Demonstration
of SRG and SRL. Figure adopted from ref. [9].

the molecular Raman scattering cross-section.
In SRS either � I p (SRL) or � I S (SRG) can be measured as a function of
the position in the sample, and given that �I / N , the signal is proportional
to the concentration, c, of the target species. It is then possible to generate
a quantitative chemical map of the sample.
CARS is generated under the same conditions asSRS, though di�ers in
the method of detection. InSRS the gain and loss of intensity in the exci-
tation beams is detected, while inCARS, new radiation at the anti-Stokes
frequency, ! aS = 2! p � ! S, is measured. CARS is generated due to the
optical parametric process known as four wave mixing, in which energy is
exchanged between the optical �elds. This is in contrant toSRS, which is
an energy tranfer process between the optical �els and the sample. This ex-
plains why SRS cannot occur if � ! does not match a vibrational frequency
of the sample has no eigenstate to absorb the quantum of vibrational energy.
In conclusion,SRS has all the advantages of coherent Raman scattering tech-
niques when compared with spontaneous Raman scattering, but overcomes
the limitations of CARS microscopy [12].

3.2 Comparison of SRS and CARS Imaging

In this section the properties of the fundamental SRS technique will be shown
to con�rm its potential and then compared to the CARS technique. The use
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of some imaging and spectra will be used to highlight the mostimportant as-
pects of these techniques and their limitations.

In Figure (12.b) the comparison of SRS and CARS excitation is shown

Figure 12: Characterization of SRS signal. (b) SRL spectrum (blue circles), spontaneous
Raman spectrum (black stars), and CARS spectrum (green triangles). (c) The linear
dependence of the SRS signal on the concentrations of retinol in ethanol at 1.595 cm� 1.
Figure adopted from ref [21].

with that of Spontaneous Raman spectra for an isolated �ngerprint peak of
the molecule trans-reticol. What is immediately noticed is that SRS and
Spontaneous Raman spectra have the same trend due to their dependence
� (
)= � (� ! ). The CARS spectrum on the other hand su�ers frequency
from a non-resonant background and shows a spectral distortion due to the
interference between the resonant and non-resonant signals. In Figure (12.c)
the linear dependence of the SRS signal on the concentration of the target
molecules can be seen. This factor is in contrast with CARS which doesnot
have a linear dependence, which makes the SRS technique a better contrast
for chemical microscopy. In Figure (13) [22] the comparison in on-and o�-
resonance vibrational SRS and CARS images ofstratum corneum in mouse
skin can be seen. It can be noted when �! is tuned from on-resonance
(2845cm� 1) to o�-resonance (2780cm� 1) with the CH2 stretching mode, the
SRS signal disappears completely, since it is background free, whilstthe non-
resonant background of CARS causes the persistence of the image. This false
signal complicates the interpretation of imaging and limits the sensitivity.

In SRS microscopy, the spatial resolution is limited by di�raction to about
500 nm laterally and 1.5�m axially, similar to two-photon uorescence mi-
croscopy [23]. Since the detected signal is at the same frequency as the
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Figure 13: Vibrationally on- o�- resonant SRS and CARS images; an stratum corneum
of a mouse ear. Figure adopted from ref.[22].

excitation �eld in SRS phase-matching is ful�lled. So the technique SRS
does not su�er from image artifacts due to phase-matching. This can be
seen in Figure (14), where size of 1�m polystyrene beads with SRS and E-
CARS are displayed. What is noticed is that while in the case of the SRS,
the beads are displayed correctly, in the case of the E-CARS, the image has
an intensity dip in the center of the bead. This is due to the destructive
interference of the CARS signal due to large phase mismatch in the center,
where the physical size of the bead is larger than the interaction length (see
section 2.3).

Figure 14: SRS does not su�er from coherent image artifacts. Images of 1�m size
polystyrene beads as acquired with SRS (left) and E-CARS (right).SRS shows the beads
correctly, the CARS image has an intensity dip in the center of bead (due to the large
phase mismatch in the center of the bead). Figure adopted from ref.[12].
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3.3 Mathematical expression for SRS signal

The scope of the following paragraph is to arrive at a mathematical expression
for the SRS signal. For simplicity only the case of SRG will be discussed.
The starting point will be the coupled equations (see the equations (A.7)
noted in the Appendix); taking that: [9]

! 1 � ! 2 � ! P

! 3 � ! 4 � ! S
(3.4)

and by realizing the fact that

� k � k4 + k3 � k1 � k2 � kS + kP � kP � kS = 0 ; (3.5)

the phase matching is achieved (this always takes place). The coupled equa-
tions are then reduced to (N.B.there is no phase term):

@AS(r; t )
@z

= � i� S � (3) AP (r; t )A �
P (r; t )AS(r; t ) (3.6)

@AP (r; t )
@z

= � i� P � (3) AP (r; t )A �
S(r; t )AS(r; t ) (3.7)

The interest is in understanding what happens to Stokes beam whenit in-
teracts with a strong pump beam when in a regime of negligible depletion.
Therefore, based on the assumptionAP (r ; t) = AP

�= cost (hence, the con-
cern is only with equation (3.6)), the equation (3.6) can be solved forSRG
in the case of an interaction length L:

@AS(r; t )
@r

= � i� S � (3) jApj2AS(r; t ) (3.8)

hence integrating and solving the di�erential equation,
Z L

0
dAS(r; t ) = � i� S � (3) jAP j2

Z L

0
AS(r; t )dz

AS(L; t ) = AS(0; t)e� i� S � (3) jA P j2L

(3.9)

The exponential term in the above equation(3.9) can be expanded ina Taylor
series:

AS(L; t ) = AS(0; t)(1 � i� S� (3) jAP j2L) (3.10)

From this equation, it is easy to arrive at the variation � AS:

� AS � AS(L; t ) � AS(0; t) = � i� S� (3) jAP j2AS(0; t)L (3.11)
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The mathematical expression sought, is the one referred to the Stokes beam
intensity, therefore, making the squared modulus of the eq.(3.10), the follow-
ing is arrived at:

I S(L; t ) = jAS(L; t )j2 / I S(0; t)[1+ ji� S� (3) I P Lj2 � 2Re(i� S � (3) I P L)] (3.12)

In an SRS experiment the relative intensity variation is measured, which
has a positive sign in the case of the Stokes beam (gain) and in the case
of the pump beam, signs negative (loss). As outlined at the beginningof
this chapter, only the case of SRG will be discussed. The mathematical
expression wanted is :

� I S(L; t )
I S(0; t)

=
I S(L; t ) � I S(0; t)

I S(0; t)
(3.13)

. and considering that in the equation(3.12) the termji� S� (3) I P Lj2 can be
removed, then eq.(3.13) becomes:

SRS =
� I S(L; t )
I S(0; t)

= � 2Re(i� S � (3) I P L): (3.14)

The two contributions of � (3) need to be taken into consideration: the non-
resonant term which is real and the resonant term which is complex.In
agreement with the equation (3.14) only the real term of theji� S� (3) I P Lj2

needs to be considered. Therefore, the implication being that only the imag-
inary term of the susceptibility contributes to the SRS signal. This is the
principle characteristic which allows this technique to be free from the non
resonant background which a�ects the CARS signal. From these considera-
tions, the following is arrived at:

SRS / Im (� (3) I P L) (3.15)

where it can be noted that the signal SRS does not depend on the Stoke
intensity but only on that of the pump intensity. Hence, with this tech-
nique, it is more simple to interpret the images though needs to be noted
that the SRGL signals are relatively weak, This can be overcome with an
implementation of a highly sensitive experimental setup.

SRS Setup In biomedical and biological SRS applications organic molecules
are studied in aqueous solvents at room temperature; under these conditions
the typical Raman line widths are extended, covering a range in frequency
from 10 to 20cm� 1.An experimental layout is shown in �gure (15). In this
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Figure 15: SRS setup. Figure adopted from ref.[15].

experimental setup, there are: two (Ti) sapphire lasers which operate with a
repetition rate of 76 MHz (the wavelengths of the pump and Stokesbeam are
independent and can be varied over a range between 700 and 950 nm); water
immersion objective8, used to collimate the beam on the sample with NA =
1.2; a second lens that focuses the beam transmitted in a forward direction
NA = 0.9; polarizers (P); �lters (F); acousto-optic modulator for the Stokes
beam (AOM); lenses (L); photodiode (PD); RF-LIA radio frequency lock-in
ampli�er 9 and a beam splitter PBS and a lamina�= 4.

In contrast to the CARS signal, that is generated at the anti-Stokes frequency,
SRG and SRL occur at the frequency of the excitation beams. Although the
Raman signal is greatly enhanced, SRL and SRG are relativity small com-
pared to the intensity of the excitation beams (�I p=Ip and � I s=Is < 10� 4)
under biocompatible illumination conditions and are thus buried in the laser
noise. Realizing that laser noise occurs primarily at low frequencies, ahigh-
frequency phase-sensitive detection scheme is critical. One can modulate
the intensity of the Stokes beam (> 1MHz) and detect the resulting intensity
modulation of the pump beam due to SRL at the same frequency with a
lock-in ampli�er. Similarly, SRG can be measured by modulating the pump
beam and detecting the Stokes beam.

8In microscopy, a water immersion objective is a specially designed objective lens used
to increase the resolution of the microscope. This is achieved by immersing both the lens
and the specimen in water which has a higher refractive index than air, thereby increasing
the numerical aperture of the objective lens.

9A lock-in ampli�er (also known as a phase-sensitive detector) is a type of ampli�er
that can extract a signal with a known carrier wave from an extremely noisy environment.
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3.4 Conclusion

In conclusion,SRS has supersededCARS as a contrast mechanism for mi-
croscopy. Compared toCARS:

(1) SRS is free from non-resonant background
(2) SRS has much improved sensitivity
(3) SRS does not su�er from spectral distortions
(4) SRS signal is linear in the concentration of the target species
(5) SRS does not have imaging artifacts due to phase-imaging.
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4 Raman Induced Kerr E�ect Spectroscopy

In this chapter Raman Induced Kerr E�ect (Spectroscopy) RIKE(S) mi-
croscopy is introduced, which is another e�ect that takes place in materi-
als whenP (3) induces a signi�cant non-linear response, known as the Optical
Kerr E�ect. One of the the main types of detection will be illustrated: Crossed
Polarizers Detection.

The RIKE e�ect can be considered, like many other CRS processes,as a
four-wave mixing process where the signal comes from a third order response
of the material due to the incident light �eld. The Optical Kerr E�ect (OKE)
is a fundamental part of the RIKES process. The (OKE), a third order ef-
fect that occurs when a pump beam with a certain frequency! p interacts
with matter. This beam causes an anisotropic change in the refractive index.
When this happens, the axis, parallel to the polarization of the pumpbeam
experiences a new value in the refractive index, proportional to the beam
intensity, while the orthogonal does not undergo any changes. Hence, it in-
duces a birefringence. This optically induced birefringence can be probed by
interacting the material with another beam. This probe beam experiences
the induced change in the refractive index and the variation in the direction
of the polarization is perceived. It is therefore possible to pick up a signal
which is proportional to � (3) . In essence RIKE changes the polarization of
one of the two excitation beams due to the Raman induced birefringence in
the sample. As in SRS, in RIKE, the generated emission is at the excitation
frequency, but in contrast to the SRS, the emitted radiation is polarized per-
pendicular to the excitation �eld. Following on from this, RIKE is similar to
CARS where the radiation does not interact with the excitation �eld,whilst
in SRS, the interference of emitted radiation generates gain or lossin the
excitation �eld.
To gain a better understanding of what happens to the medium whenit
interacts with two strong �elds, it can be hypothesized that in the same
medium, while the pump beam induces a birefringence, another beam inter-
acts with matter to a frequency! S, tuned, in order to satisfy the condition
! p � ! S = 
 vib . In summary, in the case that the pump beam has the same
polarization as the Stokes pump, the SRS e�ect, seen in the previous chapter,
is arrived at. In the case that the Stokes beam has a di�erent polarization,
the anisotropy alters the polarization state of the Stokes beam (this can be
detected by a polarization analyser).
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4.1 Crossed Polarisers detection

The two main con�gurations adopted in this RIKES experimentdi�er in the
state of polarization of the pump beam which may be linearly polarized at45�

or circularly polarized, while the Stokes beam can be polarized either vertically
or horizontally. To clarify further, the relative orientation of the two �elds
are to be considered.

The crossed polarized is certainly, from an experimental point of view, the
simplest to detect the RIKE signal (see in �gure (16) the framework of the
setup). In the illustration, it can be seen that the �rst polariser is inserted

Figure 16: The setup for crossed polarized RIKE. Figure adopted from [9].

before the sample and is oriented in such a way as to pass the Stokespolar-
ization horizontally. There is then another polariser after the sample rotated
at 90 degrees so as to determine only the orthogonal signal to theincoming
one. Given this, it is possible to �lter the componentAy

S alone, which will
be the designated RIKE signal. Finally, in this outline, the Dieletric beam
splitter (DBS) and the Long wave pass �lter (LPF) are shown. A more de-
tailed account of the two techniques, highlighting, the properties of the RIKE
signals will be covered later in the dissertation.

Circular RIKE In Circular RIKE, the pump beam is circularly polarized
whilst the Stokes is linearly polarized. The input �eld amplitudes can be
written in Cartesian coordinates:

(
Ap = Ax

p + iA y
p

AS = Ax
S + Ay

S

(4.1)

where the indexes x and y are related to the components of the polarization.
In this analysis it is taken thatAx

S = 0 and jAx
p j = jAy

pj, so the equations
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Figure 17: Circular RIKE polarization. We assume the pump beam circularly polarized
and the Stokes beam has only the horizontal component. Figure adopted from ref.[9].

(4.13) become: (
Ap = Ax

p + iA y
p

AS = Ay
S

(4.2)

This phenomenon can be illustrated with a simple outline �gure (17) [9].
When considering the circularly polarized pump beam,� (3) can be written
as:

� (3)Circ = i(� (3)
1212 � � (3)

1221) (4.3)

where � (3)
ijkl is the susceptibility tensor, andi; j; k; l the indices of the po-

larization of the interacting components of the electrical �elds. Tofurther
illustrate:

� (3)Circ = [ � (3)R;Im
1122 � � (3)R;Im

1212 ] + i [� (3)R;Re
1122 � � (3)R;Re

1212 ] ; (4.4)

where � (3)Circ , it is free from non-resonant contribution given the property
� (3)NR;Re = � (3)NR;Re .
Imposing [9]:

A1 � Ax
p A2 � Ax

S

A3 � Ay
S A4 � Ay

p

(4.5)

and taking equation (A.5), considering only the y-component of theStokes
equation, for which in this topic is the relevant one, one can write thecorre-
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sponding the non-linear polarization term:

P
! y

S
NL (z; t) =

3� 0

8
i
�

� (3)
1212A

x
p(z; t)Ax

S(z; t)Ay�
p (z; t)� � (3)

1221A
y
p(z; t)Ax

S(z; t)Ax�
p (z; t)

�

(4.6)
where the corresponding phase matching term vanishes (�k � ks + kp � kp �
ks = 0); remembering that the two components of the pump �eld are equal,
one can rewrite equation (4.6) as:

P
! y

S
NL (z; t) =

3i� 0

8
(� (3)

1212 � � (3)
1221)A

x
S(z; t)jAp(z; t)j2 (4.7)

Taking into account eq.(A.7), the equation is obtained:

@AyS(z; t)
@z

+
1
�

@AyS(z; t)
@t

= � S(� (3)
1212 � � (3)

1221)A
x
S(z; t)jAp(z; t)j2 : (4.8)

Equation (4.8) can also be written as:

@AyS(z; t)
@z

= � S(� (3)
1212 � � (3)

1221)A
x
S(z; t)jAp(z; t)j2 ; (4.9)

and easily solved:
Z L

0
dAy

S(z; t) = � S(� (3)
1212 � � (3)

1221)A
x
S(z; t)jAp(z; t)j2

Z L

0
dz : (4.10)

Considering the initial condition Ay
S(0; t) = 0, one obtains:

Ay
S(z; t) = � S(� (3)

1212 � � (3)
1221)A

x
S(z; t)jAp(z; t)j2L : (4.11)

The intensity of the RIKES signal taken as:

I y
S(z; t) / j Ay

S(z; t)j2 = � 2
S j� (3)

ef f j2I x
S(z; t)I 2

p (z; t)L2 ; (4.12)

using that� (3)
ef f = � R

1212 � � R
1212. Equation (4.12) shows that the RIKES

signal is proportional to the intensity of the Stokes beam, quadratically to
the birifringence-inducing intensity of the pump beam, and to the absolute
square of the e�ective susceptibility.

Linear RIKES Linear Rikes is when the pump beam is polarized at 45circ

degrees, instead of being polarized circularly, as illustrated in Figure(18).
The input �eld amplitudes are represented in Cartesian coordinatesas:

(
Ap = Ax

p + Ay
p

AS = Ax
S

(4.13)
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In this particular case the tensor elements are:

� (3) � � (3)
ef f = ( � (3)

1212 + � (3)
1221) =

= [ � (3)R;Re
1212 + � (3)R;Re

1122 + � (3)NR;Re
1212 + � (3)NR;Re

1122 ] + i [� (3)R;Im
1212 + � (3)R;Im

1122 ]
(4.14)

Shown above is the formulae without having to re-calculate the main ex-

Figure 18: Polarization scheme for linear RIKE. The pump beam, instead of beingcircu-
larly polized, is polarized at 45� and, the Stokes beam has only the horizontal component.
Figure adopted from ref.[9].

pressions in the case of Linear RIKES. It is evident that the form willbe
very similar to the previous paragraph though distinguishable given certain
particular subtleties of the expression.
Leading to equation (4.10) as follows:

Ay
S(z; t) = � i� S(� (3)

1212 + � (3)
1221)A

x
S(z; t)jAp(z; t)j2L : (4.15)

It is to be noted that the main di�erence with circular RIKES, is the absence
of the rejection of the non-resonant background, making the signal more
complicated, and as a result, the intensity of the detected linear-RIKES has
the following expression:

I y
S(z; t) = / j Ay

S(z; t)j2 = � 2j� (3) j2I x
S(z; t)I 2

p (z; t)L2 : (4.16)

As can be seen, the expression of the intensity is virtually identical to that
of Circular RIKES, except for the period of susceptibility which, as already
noted, in equation (4.14) makes this technique not background-free.
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4.2 Conclusion

In this chapter one of the main RIKES techniques has been described; the
crossed polarizer. It is to be remembered, however, that the RIKES e�ect
was demonstrated many decades ago, though, to date has neverbeen used
extensively. As previously described, this technique should be background
free, as the emission occurs with a di�erent polarization from the excitation
light. However, it is very hard to suppress the excitation light su�ciently, and
therefore, results in low sensitivities, giving a low resolution in microscopy
applications. It also needs to be noted that there are di�erent types of tech-
niques and in this chapter, only two has been described. This last technique
does have limitations e.g. it is not able to acquire signals representing sepa-
rately the real part and imaginary part of the e�ective susceptibility. However
this technique does o�er the following possibility; to probe a superposition of
the real part and the imaginary part. To overcome this problem another de-
tection technique is used, the Optical heterodyne detection (OHD) which is
a standard technique in spectroscopy. The general idea is that a small signal
coming from the sample is ampli�ed with a second signal, coherentALO elec-
trical �eld at the same frequency, known as the local oscillator. The reasons
concerning related to limitations of the current dissertation, this technique
will not be discussed in detail, but can be found in the following texts [9]
and [16]. As in all things there are pro and cons, and in the case of (OHD),
the e�ect of this ampli�cation increases the signal to noise ratio.
To conclude the chapter, I have chosen an image taken from a thesis at Milan
Politecnico [16] in which a comparison between the SRS technique with one
of RIKES can be observed. In this particular case, a particular technique for
the RIKES is used, that known as Balanced detection, which allows noise
suppression. The experiment was run on a glass substrate with polystyrene
(PS) and poly(methylmethacrylate)10) (PMMA) beads. The SRS and RIKES
images are acquired at the same point in order to be enlarged to give abet-
ter comparison. In �gure (19) the following images of the two techniques
and the chemical structure of polystyrene (PS), (PMMA); the CHstretching
resonances of PS and PMMA at 3060cm� 1 and 2940cm� 1 respectively were
used as contrast. As can be observed, the 2D SRS, image is noisier compared
to that of RIKES. Also observing the images, it can be noted that tuning
Stokes Wavelength to probe the (PS), the (PMMA) is almost invisible,and
vice versa. Therefore, the signal verges on zero.

10A transparent thermoplastic

36



Figure 19: On the left: (d) SRS 2D image of PS beads; (e) RIKES 2D image of PS
beads; (f) RIKES 2D image of PMMA bead; (g) SRS 3D pro�le of PS beads; (h) RIKES
3D pro�le of PS beads; (j) RIKES 3D pro�le of PMMA bead. On the righ t: on top
Polystyrene; bottom Poly(Methyl Methacrylate). Figure adopte d from ref.[16].
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5 Conclusions and Future Directions

This dissertation sets out the (compilatory) basis of the theory ofCRS by
a brief introduction to the classical concept of Raman, in particularthe co-
herent Raman. Starting with the basics of non-linear interaction between
light and matter, the expression of the basic technique CRS can be obtained.
In particular, we have presented the technique CARS and SRS, highlighting
pros and cons of both of them, so as to highlight the reasons that led to
implement a technique of a certain complexity such as the RIKES. Without
revisiting the conclusions made in the previous chapters, it is ascertained that
CARS microscopy has been theoretically and practically demonstrated to be
a powerful tool for label-free optical imaging that o�ers many advantages.
However, the main source of background in CARS microscopy arisesfrom
the non-resonant signal. Equation (2.9) shows that the total CARS signal
is a coherent addition of a resonant and a non-resonant contribution11. The
non-resonant background is therefore an important factor in every CARS ap-
plication. Its inuence depends on the mode of operation of the experiment
(single-frequency or multiplex CARS microscopy). SRS on the otherhand,
as previously shown, automatically allows one to use a contrast mechanism
which is background-free, because it probes the imaginary part ofthe suscep-
tibility. Thus it does not need any particular background suppression tech-
nique (contrary to CARS). However, for many applications in biomedicine, it
is preferable to perform tissue imaging inin situ12. For this reason endoscopy
has been widely used in medicine for applications ranging from surgicalin-
terventions to disease diagnosis. In this �eld di�erent techniques have been
already used such as optical coherence tomography (OCT) and second har-
monic endoscopy. In any case, endoscopy, based on CRS processcan o�er
label-free chemically-selective imaging inin situ, making it an ideal tool for
biomedical medication. A prototype of CARS endoscope has alreadybeen
patented (seeToward CARS Endoscopy, Legare 2006, and Coherent Raman
scanning �ber endoscopy, X. Sunney Xie 2012).

11I CARS / j � (3)
R + � (3)

NR j2 = j� (3)
R j2 + 2 � (3)

NR Re[� (3)
R ] + j� (3)

NR j2.
12e.g. to examine the phenomenon exactly in place where it occurs (i.e. without moving

it to some special medium).
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A Appendix

A.1 Optical Processes

Nonlinear Polarization [9] For stronger �elds, the electron is fur-
ther displaced from its equilibrium position. For larger displacements,the
binding potential can be no longer be assumed to be harmonic as anhar-
monic e�ects become more signi�cant. When the anharmonic shape of the
potential becomes important, the dependence between the driving electric
�eld and the induced polarization is not stricly linear, and correctionsto the
polarization will have to be made. In Figure (20) we illustrates the nonlin-
earity between the driving �eld and the induced polarization in the presence
of anharmonicity. If the anharmonic contributions to the harmonicpotential

Figure 20: Relation between incident electric �eld and induced polarization.

are relatively small, the displacement ofr can be expressed as a power series
in the �eld. This implies that the displacement of the electron is no longer
linearly dependent on the �eld as nonlinear corrections grow in importance.
In a similar fashion, the polarization can be written as a power series inthe
�eld to include the nonlinear electron motions:

P(t) = � 0[� (1) E(t)+ � (2) E 2(t)+ � (3) E 3(t)+ :::] = P (1) (t)+ P (2) (t)+ P (3) (t)+ :::
(A.1)

where� (n) is thenth order susceptibily and,P (n) is thenth order contribution
to the polarization.
The coherent Raman e�ects described can be understood as resulting from
the third-order contribution to the polarization P (3) . The magnitude of these
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e�ects is thus governed by the strength of the triple product of the incoming
�elds and the amplitude of the third-order susceptibility � (3) .

Nonlinear coupled equations for CRS processes [9] Let us con-
sider an electric �eld at frequency! 0 in the presence of a nonlinear polariza-
tion term at the same frequency. Applying the hypothesis of monochromatic
plane wave approach and (SV EA13) approximation, a single laser pulse cen-
tered at frequency! 0 is written, in cartesian coordinates, as14:

E(r; t ) =
1
2

"

A(r; t )ei (! 0 t � k �r + � ) + C.C.

#

(A.2)

In CRS although the four interacting �elds in general propagate in four dif-
ferent directions, one can de�ne a reference directionZ-axis to describe their
interaction and propagation. Eq (A.2) takes the form:

E(r; t ) =
1
2

"

A(r; t )ei (! 0 t � kP z) + C.C.

#

(A.3)

where k0 is the z-component ofk and � = 0 is assumed. Under the same
arguments, the corresponding induced polarization is given by:

PNL (r; t ) =
1
2

"

pNL (r; t )ei (! 0 t � kp z) + C.C.

#

(A.4)

wherepNL is the envelope andkp is the wave vector.
Generally k0 = kp and the quantity � k = kp � k0 is called wave vector
mismatch for this component wave. For the CRS processes, which are of our
interest in these terms, the four �elds are related to each-otherby energy-
conservation law! 4 = ! 1 � ! 2 + ! 3. The relevant nonlinear polarization
terms that drive four �elds in a CRS process can be shown to be equal to:

P (! 1)
NL (r; t ) = PF � (3) A2(r; t )A �

3(r; t )A4(r; t )
8

ei [( ! 2 � ! 3+ ! 4 )t � (k2 � k3+ k4 )z] (A.5a)

P (! 2)
NL (r; t ) = PF � (3) A1(r; t )A3(r; t )A �

4(r; t )
8

ei [( ! 1+ ! 3 � ! 4 )t � (k1+ k3 � k4 )z] (A.5b)

P (! 3)
NL (r; t ) = PF � (3) A �

1(r; t )A2(r; t )A4(r; t )
8

ei [( ! 2 � ! 1+ ! 4 )t+( k1 � k2 � k4 )z] (A.5c)

P (! 4)
NL (r; t ) = PF � (3) A1(r; t )A �

2(r; t )A3(r; t )
8

ei [( ! 1 � ! 2+ ! 3 )t � (k1 � k2+ k3 )z] (A.5d)

13Slowly Varying Envelope Approximation
14A(r; t ) is the slowly varying envelope of the pulse with respect to a fast(temporally

and spatially) oscillating carrier ei ( ! 0 t k �r + � ) .
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where PF = 6 is the number of permutations for frequencies on right hand
side of the equation pertinent to left hand side induced polarization frequency
component. Each eq.(A.5) is in the form of eq.(A.4). Substituting each
eq.(A.5) one by one into

@A(r; t )
@z

ei! 0 t = � i
� 0! 0c
2n! 0

[pNL (r; t )]e� i � kz ; (A.6)

we get following four coupled equations:

@A1(r; t )
@z

= � i� 1� (3) A2(r; t )A �
3(r; t )A4(r; t )e� i � kz (A.7a)

@A2(r; t )
@z

= � i� 2� (3) A1(r; t )A3(r; t )A �
4(r; t )ei � kz (A.7b)

@A3(r; t )
@z

= � i� 3� (3) A �
1(r; t )A2(r; t )A4(r; t )e� i � kz (A.7c)

@A4(r; t )
@z

= � i� 4� (3) A1(r; t )A �
2(r; t )A3(r; t )ei � kz (A.7d)

where � j � PF � 0 ! 0c
2n j 8 � 3� 0 ! 0c

8n j
and � k � k4 + k2 � k1 � k3 is the wave vector

mismatch.
We have arrived atfour coupled equationsfor the representative process gov-
erning the amplitudes of the interacting four �elds.
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